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Abstract. We prove that the weight-two Hodge structure of mod- 
uh spaces of torsion-free sheaves on a K3 surface is as described by 
Mukai (the rank is arbitrary but we assume the first Chern class is 
. . . primitive). We prove the moduh space is an irreducible symplectic 

. variety (by Mukai's work it was known to be symplectic). By work 

Q>^ I of Beauville, this implies that its has a canonical integral non- 

degenerate quadratic form; Mukai's recepee for includes a descrip- 
tion of Beauville's quadratic form. As an application we compute 
higher-rank Donaldson polynomials of K3 surfaces. 



o 
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(a,/3) :=- [ a*Af3, (1) 



Recently Jun Li [Lil,Li2] determined the stable rational Hodge structure on the n-th cohomol- 
ogy, for n < 2, of moduli spaces of rank- two torsion- free sheaves on an arbitrary projective surface 
(stable means: for large enough dimension of the moduli space). It seems worthwile to study in 
■ greater detail the integral Hodge structure of these moduli spaces: in this paper we consider the 

f-*) I case of a K3 surface. Mukai [M1,M2,M3] studied extensively moduli of sheaves on a K3: in [M2] 

he determined the Hodge structure of two-dimensional moduli spaces, and in [M3, Th. (5.15)] there 
. is a beautiful description of the weight-two Hodge structure when the rank is at most two, and the 

dimension of the moduli space is greater than two. In this paper we prove that Mukai's description 
of is valid in arbitrary rank. (But notice that we assume the first Chern class is primitive.) 

3 I Statement of the results. 

Let 5 be a projective K3 surface. The Mukai lattice [M2, § 2] consists of H*{S; Z) endowed with 
the symmetric bilinear form 

> 

^ ■ where for a = + + £ H*{S), with a' € H^'{S), we let a* := a° -a^ + a^. Setting 

F^H*{S) := H*{S), F^H*{S) := H^{S)®F^H^{S)®H\S), H* (S) := (S) , 

{H*{S;'Zi),F*) becomes a weight-two Hodge structure, with the additional datum of Mukai's 
quadratic form defined above. If F is a sheaf on S, following Mukai we set 

v{F) := ch{F){l + u)= rk(F) + ci(F) + (x(F) - r) w , 

where to G H^{S; Z) is the fundamental class. Notice that, since the intersection form of S is even, 
v{F) G H*{S; Z), and of course v{F) G F^H*{S). An element of F^ n H*{S; Z) wih be called a 
Mukai vector. Let H be an ample divisor on S, and ?; be a Mukai vector: we let Aiv{S,H) be the 
moduli space of Gieseker-Maruyama if-semistable torsion-free sheaves F on S such that v{F) = v. 
(We abbreviate to A4y{H) whenever the surface S is fixed.) Thus A4y{H) is a projective scheme. 
Now assume H is v- stabilizing, i.e. that all sheaves parametrized by Aiv{H) are if-slope-stable 
(see Proposition (II. 1)). In this case the moduli space is smooth [Ml, Th. (0.3)], of dimension 
equal to 

d{v) ■.= 2 + {v,v) . 
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Furthermore there exists a quasi-tautological family of sheaves [M2, Th. (A. 5)], i.e. a sheaf J- on 
S X A^„(iJ), flat over A^^(iJ), such that if \F\ G M.v{il) represents the isomorphism class of F, 
then 

for some cr > 0. We can assume a is independent of \F\ and we will denote it by Letting 
TT-.Sx M.V S and p:Sx A4v — M.v be the projections, we set 

OAc^) ■■= -^P* [c/i(^)*(l + 7r*a;)7r*a]3 , 

where a € H*{S; C), and [-ja is the component belonging to H^{SxM.v{H)). US is another quasi- 
tautological sheaf then there exist vector bundles ^, rj on M.v{H) such that £®p*^ = T®p*r} [M2, 
Th. (A. 5)]. From this it follows easily that the restriction of Oj: to C H*{S; C) is independent 
of the choice of a quasi-tautological family: thus we get a canonical Mukai map [M3, (5.14)]: 

We will prove the following 

(2) Main Theorem. Keeping notation as above, assume that v^, the component of v belonging 
to H^{S; Z), is primitive. Let H be a v-stabihzing ample divisor on S. Assume that the expected 
dimension of M.y{H) is greater than 2, i.e. that {v,v) > 0. Then: 

1. The moduli space M-u{H) is an irreducible symplcctic variety, i.e. simply connected with a 
symplectic form spanning H^'^ , deformation equivalent to a symplectic projective birational 
model of T^^i, where T is a projective K3 surface, n := d{v)/2, and T^"'^ is the Hilbert scheme 
parametrizing length-n subschemes of T. In particular, by Beauville [B, Th. 5], H^{Aiv{H);Z) 
has a canonical integral quadratic form. 

2. The map 9y is an isomorphism of integral Hodge structures, and an isomctry if is provided 
with the restriction of Mukai's form, and H^{A4y{H) is provided Beauville's quadratic form. 

Comments. 

• Mukai [M2] proved that if the dimension of Aiv{H) is two, i.e. {v,v) = 0, then the map 6y 
induces an isomorphism of Hodge structures between v^/Cv and H^{M.v{H);C) (the only 
hypothesis is that semistability is equivalent to stability). Our proof of the main theorem can 
be easily adapted to this case (with the hypothesis that is primitive). However in a certain 
sense Mukai's proof is preferable: it is conceptual and it "explains" the deflnition of 6y and 
of the Mukai lattice. A conceptual proof of Theorem (2) would be very interesting: it might 
indicate how to extend the result to arbitrary surfaces. 

• We have some restrictions on the choice of v. it is natural to expect that the theorem holds 
whenever semistability coincides with stability. 

• The key observation in our proof of the main theorem is the following: if S is an elliptic K3 
and has degree one on the elliptic fibers, then the moduli space is birational to S^'^K It is 
interesting to notice that one can use the main theorem to show that in general the moduli 
space is not birational to any T^"! [M3, p. 167]. 

Plan of the paper. First we prove the main theorem when S is an elliptic K3 with a section, 
has degree one on the fibers of the elliptic fibration, and the ample divisor H is suitable in the 
sense of Friedman [Fl]. In this case the moduli space is birational to S^"^^: one possible route to 
this result would be to proceed as in [F2, Th. (3.14)], i.e. to construct every stable vector-bundle 
as an elementary modification of a fixed rigid bundle. Since we also want to prove Item (2) of the 
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main theorem, we will proceed diflferently. We will prove that A4^{H) is birational to a moduli 
space of rank one less; iterating we get down to rank one, and since the moduli space of rank-one 
torsion-free sheaves on S (with C2 = n) is isomorphic to S'^"'\ we conclude that M.v{H) is birational 
to S"!"! . This procedure allows us to verify Item (2) by induction on the rank, the case of rank one 
being trivial; all of this is done in Section I. In Section II wc prove the theorem in general: the idea 
is to deform S to an elliptic K'i (this part is similar to an argument in [GoHu]). In Section III we 
give an application of the main theorem: we compute higher-rank Donaldson polynomials. The 
last section is devoted to the proof of some technical results on polarizations. 

Acknowledgments. The present work owes a lot to the papers of Mukai [Ml, M2, M3]. 
I. The case of an elliptic K2, surface. 

In order to state the main result of this section we need some preliminaries on the choice of a 
polarization. For a surface S, let A{S) C iJ^'^(S';R) be the ample cone, i.e. the real convex cone 
spanned by Chern classes of ample divisors. 

Definition. Let > 0. A k-wall of A{S) consists of the intersection n A{S), wliere L is a 
divisor on S such that 

-k<L'^<0. (1.0.1) 

An open k-chamber C C A{S) is a connected component of the complement of the union of all 
k-walls. An ample divisor on S is k-generic if it does not belong to any k-wall. 

Let 5 be a K3, and v G H*{S; Z) be a Mukai vector. We will often consider -walls, where 

(0)2 / 0N4 

\v\:=^^{v,v)+^-^. (1.0.2) 

Now we specialize to the case of an elliptic K3, i.e. a K3 surface S together with a linear pencil 
|C|, where C C 5 is an elliptic curve. (Thus \C\ defines a morphism to with generic fiber an 
elliptic curve.) 

Definition. Let {S, \C\) be a an elliptic K3, and k be a positive integer. An ample divisor H on 
S is k -suitable if it is k-generic and if C is in the closure of the unique open chamber containing 
H. 

Notice that H is k-generic (suitable) if and only if any ample divisor in Q+H is k-generic 
(suitable); hence it makes sense to consider A;-suitable polarizations. One can show in general that 
fc-suitable polarizations exist for any k. We will only need the following special case. 

(1.0.3) Lemma. Let S be an elliptic K3 surface with a section S of the elliptic fibration, and 
such that Pic{S) = Z[S] © Z[C], where C is an elliptic fiber. Let H ~ (aS -I- bC) be an ample 
divisor such that 

^->k + l. 
a 

Then H is k-suitable. 

Proof. Proving that H is fe-suitable is equivalent to proving that sign{L ■ H) = sign{L ■ C) for all 
divisors L G Pic(S') satisfying (1.0.1). (Notice that (L • C) 7^ for any such L.) Clearly it suffices 
to test only the L such that {L ■ C) > 0. Let L ~ (xE -|- yC). Then L • C > is equivalent to 
a; > 0, and (1.0.1) reads 

< 2a;(a; - y) < A; . (*) 
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Using our hypothesis and the positivity of a, x we get 

> a ■ {kx — {x — y)) . 

Since (*) holds, and since x, {x — y) are positive integers, we have kx > 2{x — y). By the above 
inequality we conclude that (L ■ H) > 0. q.e.d. 

A divisor D (or the first Chern class of a divisor) on an elliptic K?, is a numerical section if 
D ■ C = 1, where C is an elliptic fiber. This section is devoted to proving the following result. 

(1.0.4) Theorem. Let S he an elliptic K3. Assume that the elliptic hbration has a section, and 
that p{S) = 2. Let v G H*{S;Z) be a Mukai vector such that is a numerical section and 
d{v) > 2. Let H be a \v\-suitable ample divisor on S. Then M.^[H) is an irreducible symplectic 
variety birational to S^'^\ where n := d{y)/2. Furthermore the map 

e,:H*{S-C) ^ H^{M,{H)-C) 

is an isomorphism of integral Hodge structures, and an isometry. 
I.l. Preliminaries. 

Let V, T be schemes. A family of sheaves on V parametrized by T consists of a sheaf on 
V xT, fiat over T. For t G T we let J^t ■= ^\vx{t}- 

(I.l.l). We recall some well-known facts about stable bundles on elliptic curves [A] which will 
be useful in the course of the section. Let C be an elliptic curve. Then up to isomorphism there 
exists a unique stable bundle Vj" on C of given rank r and determinant L. If L has degree one the 
picture is particularly simple. By Hirzebruch-Riemann-Roch, Serre duality and stability we have 
/i°(y/') = 1. A non-zero section of Vj" gives rise to a non-split exact sequence 

Conversely, since 

dimExt\V;^i,Oc) = 1, the bundle V/^ can be constructed as the unique non- 
split extension above. 

Cayley-Bacharach. We collect some well-known criteria for local-freeness of extensions [GrHa, 
729-731] involving the Cayley-Bacharach property. Let S be a surface. Let L, M be line-bundles 
on S. Let X, Y be 0-dimensional reduced subschemes of S, and Ix , ly be their ideal sheaves. We 
consider extensions 

O^Ix^L^F^Iy^M^O. (L1.2) 

(1.1.3). Let P G y. If there exists a section of L~^ M (g) Ks vanishing at all points of {Y — P) 
and non-zero at P, then (LI. 2) is split in a neighborhood of P, and hence F is singular at P. 

Now assume that the image of the evaluation map 

ey: H^{L-^ ®M^Ks)-^ H^{L-^ ®M® Ks\y) 
has codimension one. If (1.1.2) is non-split at one point of Y", the following converse of (1.1.3) holds. 



L-H = (b- 2a)x + ay 



X 



{x-y) 
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(1.1.4) . Suppose Im(ey) has codimension one, and assume that Extension (1.1.2) is non-spht in 
the neighborhood of one point (at least) of Y. Let P £ Y. If all the sections of (g) M (g) Ks 
vanishing at (Y — P) vanish also at P, then F is locally-free at P. 

(1.1.5) . Suppose that h^{Ix ®M~^ 0L) = 0. Let hypotheses be as in (L1.4), except that instead 
of assuming (LI. 2) is non-split in the neighborhood of one point ofY, we only assume (1.1.2) is 
globally non-split. Then the conclusion of (L1.4) hold. 

Proof of (I.1.3)-(I.1.4)-(I.1.5). To prove the three statements consider the exact sequence 

H^{Hom{lY ®M,Ix^ L)) Ext^ (Jy ®MJx®L)^ 

{Ext^ily ®M,Ix® L)) ^ {Homily (^MJx(^ L)) . 

Identifying the dual of the last term with H^(M (g) L~^ g) Kg) via Serre duality, and the dual of 
H^{Ext^{lY <S) M,Ix <^ L)) with i^°(M L'^ Ks)\y) via Grothendieck duality, the transpose 
of / gets identified with ey. From this (1.1.3) follows at once. To prove (1.1.4) let 

e(y_p): iJ°(L-^ (^M®Ks)^ H°{L-^ (g) M (g) Ks\iY-P)) 

be evaluation. The obvious map Im(ey) Im(e(y_p)) is an injection by hypothesis, and since 
Im(ey ) has codimension one we conclude that e(y_p) is surjcctivc. Let r E H^\Ext^ (Iy g) M, Ix (E) 
L)) be the image under g of the extension class corresponding to (1.1.2); since ey is the transpose of 
/, r is annihilated by Im(ey ) . If the extension is split at P, we actually have r G [Ext^ {I(y-p) ® 
M,Ix L)), and since e(y_p-) is surjcctivc we conclude that r = 0, contradicting the assumption 
that (1.1.2) is non-split at one point of Y. Finally (1.1.5) follows from (1.1.4) because if h^{Ix <X) 
g) L) vanishes then g is an injection. q.e.d. 

The following proposition states a remarkable property of suitable polarizations: the validity 
of this result is the reason for introducing the notion of suitability. The proof will be given in 
Section IV. 

(1.1.6) Proposition. Let S be an elliptic K2>, with \C\ the elliptic fibration. Let v G H*{S;Z) 
be a Mukai vector such that {v^,C) and are coprime, and let H be a \v\-suitable ample divisor 
on S. 

1. If a torsion-free sheaf F with v{F) = v is H-slope-semistable then it is H -slope-stable. In 
particular H is v-stabilizing. 

2. If [F] G Mv{H) the restriction of F to the generic Ct G \C\ is stable. 

3. Conversely if F is a torsion-free sheaf on S with v{F) = v, such that the restriction of F to 
the generic Ct G |C| is stable, then F is H -slope-stable. 

1.2. Outline of the section. 

Let S* be a K3 surface. 

(1.2.1) Definition. Two Mukai vectors v,w & H*{S;Z) are equivalent (v ~ w) if there exists a 
line bundle ^ such that w = ch{^) ■ v. 

Thus if is a sheaf on S then v{F g) ^) ~ '^^(-f')- Assume v ^ w: since multiplication by ch(^) 
is an isometry of the Mukai lattice we have \v\ = \w\ (see (1.0.2)), hence open |w|-chambers coincide 
with open jwl-chambers. From now on we assume S is elliptic with elliptic pencil |C|: ii v ^ w a 
polarization is Itil-suitable if and only if it is |w|-suitable. If H is |i; |-suitable the map 

M.{H) 3 [F] ^[F^^]e MUH) 
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is an isomorphism: in fact if [F] G A4v{H) then F is slope-stable by Proposition (1.1.6), and slope- 
stability is preserved by tensorization. Furthermore, since multiplication by ch{^) is an isometry 
of the Mukai lattice. Theorem (1.0.4) holds for My{H) if and only if it holds for MwiH). Thus we 
are allowed to replace v by any equivalent vector; we will use this freedom to normalize the Mukai 
vector of Theorem (1.0.4) as follows. Let [F] G M.v{H); since is a numerical section 

xiF®[kC]) = xiF) + k. 

Set 

X{v) := x{F), where [F] G M,{H), 

and let w := v-ch ([(1 — x(^)) C]). Then is again a numerical section, and furthermore x(^) = 1- 
Therefore it suffices to prove Theorem (1.0.4) under the additional hypothesis that x('i') = 1: in 
this case we say v is normalized . 

The proof of Theorem (1.0.4) goes roughly as follows. We can assume v is normalized; if 
[F] G Mv{H) then by stability h'^{F) vanishes and hence /i°(F) > x(i;) = 1. Suppose that 
h'^{F) = 1, then we have a canonical sequence 

O^Os^F^E^O. 

Assume also that E is torsion-frcc (this will be the case if F is locally-free): since H is |f |-suitable, 
it will follow that E is if-slope-stablc. Let Mw{H) be the moduli space to which the isomorphism 
class of E belongs: by mapping [F] to [E] we get a rational map from M.y{H) to M.w{H)- 
Since x{E) = -1, we see that h^{E') > 1 for all [E'] G Mw{H). It turns out that h^{E') = 1 
for the generic [E'] G M.uj{H)- Since h^{E') = dimExt^(i?', Og) this means that Lp has degree 
one, and thus Aiv{F[) is birational to M.w{H). Normalizing w and repeating this argument one 
gets down to rank one, i.e. S^"!. This is the method by which we will define a birational map 
between M.v{H) and S*!"!; the details are in the next subsection. In order to prove that 6^ is an 
isomorphism of Hodge structures we will construct a subset U of A4v{H), and a tautological family 
of sheaves on 5' parametrized by U. Since the complement of U has codimension two, one has 
that H^{U) = H^{Aiv{H)), and that 6y is determined by dj^. This is the longest part of the proof, 
the difficulty being that we must perform semistable reduction along certain divisors; it takes up 
Subsections 1. 4-1. 5. Finally we will be able to verify that 6y is an isometry by carrying out a purely 
numerical computation: this is the content of the last subsection. 

1.3. The moduli space is birational to iS'"!. 

For the rest of this section we assume S, v, H are as in Theorem (1.0.4), except that we do 
not assume d{v) > 2, only d{v) > 0. Furthermore we suppose that v is normalized. We will 
sistematically omit H from our notation. We let |C| be the elliptic pencil, and S be its section. 
Set 

r := w° = rank of F, for [F] G M.v n = d{v)/2 = half the dimension of Aiy ■ 

Then 

v = r + T, + {n-r'^ + r)C+{l-r)u. (1.3.1) 

In particular v is determined by r, n; we will denote My by A^^". The main result of this subsection 
is the following. 

(1.3.2) Proposition. If non-empty the moduli space M^"" is an irreducible symplectic variety 

birational to 5*^"^. 

In the next subsection we will show that in fact A^^"" is always non-empty. Before proving Proposi- 
tion (1.3.2) we need to discuss certain Brill-Noether loci. Let C My be the subset parametrizing 
locally-free sheaves F such that h^{F) = (d+l) (we assume d>0). 
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(1.3.3) Proposition. Keep notation and assumptions as above. Then is of pure dimension, 
and 

cod{W^,Mv) = max{d+ 1 - x{v),0} ■ 
We will prove Proposition (1.3.3) at the end of this subsection. 

Proof of Proposition (1.3.2). It suffices to prove that Al^" is birational to S^'^^: in fact since 
is symplectic [Ml], and since S^"'^ is symplectic irreducible, it will follow that also Ai'^"' is 
symplectically irreducible (i.e. simply connected with a symplectic form spanning i?^'°). The proof 
is by induction on r. When r = 1 we have Aif^ = S^^\ hence there is nothing to prove. So let's 
suppose r > 1. First we notice that the (open) subset of A^^"^ parametrizing locally- free sheaves is 
dense: as is well-known this follows from the fact that for all [F] G A^^" we have hP{adF**) = 0. 
By Proposition (1.3.3) the open subset W° := W° is dense in A^^n jf [^j ^ ^/-o ^^^^^ p ^^^q ^ 
unique exact sequence 

The quotient Q is torsion-free by the following. 

(1.3.4) Claim. Keep notation as above. Let [F] G Mv, with F locally-free, and suppose that 
h^{F) = -|- 1 > 0. Then F fits into a unique exact sequence 

O^OsikC) ^ F ^0, (1.3.5) 

where Q is torsion-free. 

Proof of the claim. Let f:S — > P^ be the elliptic fibration. Since F is torsion-free /*F is 

also torsion-free, hence locally-free. By (1. 1.1) f*F is of rank one, and thus it is a line-bundle; 
since h^{f^,F) = h^{F) we must have f^F = Opi(/c). The natural map f*f^,F F gives rise 
to (1.3.5), which is clearly unique. To prove that Q is torsion-free we must show that the divisorial 
part of the zero-locus of a, call it div{a), is empty. Let Ct be a generic elliptic fiber; by (LI. 6) 
the restriction of F to Ct is stable, and hence div{a) fl = 0. Since all the elliptic fibers are 
irreducible {p{S) = 2), we conclude that div{a) is a union of elliptic fibers. But if a vanishes on 
an elliptic fiber then we get a (non-zero) map Os {{k + 1)C) — > F, contradicting the assumption 
h'^{F) = A; -I- 1. We conclude that div{a) = 0, and thus Q is torsion-free. q.e.d. 

We go back to the proof of Proposition (L3.2). Let 

w := v{Q) = v{F) -l-cu. 

By (LI. 6) and by (Ll.l) the restriction of Q to a generic elliptic fiber is stable, and hence by (LI. 6) 
we conclude that Q itself is stable. Thus [Q] E Mw Since = v^{F), it is a numerical section 
and hence AI^ is one of the moduli spaces we are considering. (But we do not normalize w for 
the moment.) Prom h^{F) = 1 we get h°(Q) = 0. By Serre duality H'^{Q) = B.om{Q,Os)*, and 
by stability of Q the last group is zero. Thus x{Q) = —h}{Q). Since x{Q) = x{P) — x(^S') = ~1 
we conclude that h}{Q) = 1. Hence [Q] G .4^, where Aw C Mw is the open subset 

:= {[Q'] e h\Q') = 1} = {[Q'] e M^l h\Q') = 0} . 

To sum up: we have defined a map 

ip-.W^^Aw 

As is easily checked this map is a morphism. Let [Q'] G lm(p; since by Serre duality H^{E) = 
Ext^(£', O5)*, the morphism ip is injective. We claim that Im(/? is an open non-empty subset of 
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Aw Let [F] e {[F] exists because by hypothesis M'^"' is non-empty) and set [Q] = (p{[F]). 
By definition of we liave h^{Q') = 1 for all [Q'] G A^, and since dimExt^ {Q' , O s) = H^{Q')* 
there exists a unique non-trivial extension, call it F\ of Q' by Os- By openness of stability the 
sheaf F' is stable for [Q'\ varying in an open (non-empty) subset of Aw ; this proves that lm.(p is 
an open non-empty subset of Aw. Let's show that Aw is dense in M.w- It suffices to show that 

dim{[Q'] G Mw\ h°{Q') > 0} < dimA4«, . 

li = {r — 1) > 1 the locus parametrizing locally-free sheaves is dense in A^„.,, and hence the 
inequality follows from Proposition (L3.3). li w*^ = 1 one easily checks the inequality by hand. 
Since (p is injective, and since its image is dense in A4w, it defines a birational map between M^'^ 
and Mw- Normalizing w one gets M.w — By the inductive hypothesis M^-i is birational 

to ^t"!, and hence so is A^^". q.e.d. 

Proof of Proposition (1.3.3). First suppose x{v) > {d + 1). Let [F] E My By Serre 
duality and stability H'^{F) ^ Rom{F,Os)* = 0, and hence /i°(F) > x{v)- Thus is an 
open (eventually empty) subset of M.v, and hence the proposition holds in this case (the empty 
set has any codimension) . Prom now on we assume that x(^) ^ c^- One can describe as a 
determinantal variety: this is possible by standard methods because H'^(F) vanishes for [F] G My. 
The dimension formula for determinantal varieties gives that 

cod{W^,Mv) <maDc{{d+l){d+l-x{v)),0}. (L3.6) 

We first deal with a special case. 

(1.3.7) Lemma. Keeping notation as above, suppose that d = and x{v) < 0. Then is 
smooth of pure dimension, and 

cod{W^,M,) = l-x{v). 
Proof. Let [F] G W^. The non-zero section of F gives an exact sequence 

O^Os^F^Q^O. (L3.8) 
By Claim (L3.4) Q is torsion-free. There is an exact sequence [O, Prop. (1.17)] 

^ T[F]W^ ^ Ext^(F, F) A Ext^(C»s, Q) . 

To compute rk/3 consider the exact sequence 

Ext^ (F, F) ^ Ext^ (F, Q) Ext^ (F, Os) ^ Ext^ (F, F) ^ Ext^ (F, Q) . (*) 

By Serre duality Ext^(F, Q) = Hom(Q, F)* . This last group is zero: in fact Q is stable because its 
restriction to a generic elliptic fiber is stable, hence Hom(Q,Q) = C, and since (L3.8) is not split 
we conclude that Hom((5,F) = 0. Furthermore 

Ext^(F, F) ^ C Ext^(F, Os) = Hom(05, F)* ^ C , 

and hence the map 7 in (*) is surjective. From the exact sequence 

Ext^F, Q) Ext\0s, Q) Ext^(Q, Q) Ext^(F, Q) = . 
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we get dimlmr] = h^{Q) — 1. Since /3 = o 7 we conclude that 

cod{T[F^W^,T^F]M,) = h\Q) - 1 . 

Since h^{Q) = h?{Q) = 0, we have h^{Q) = -x{Q)- From (1.3.8) we get x{Q) = x{F) - 2, and 
hence 

cod{T[F]W,,T[F]M.) = 1 - x{F) = 1 - x{v) • 

The lemma follows at once from this equality together with Inequality (1.3.6). q.e.d. 

Now wc prove Proposition (1.3.3) in general. Let [F] G A4y with F locally-free. By Claim (I.3.4)| 
we have h^{F{—dC)) = 1 if and only if [F\ G W!^. Hence, \i w := v ■ ch{[—dC]), tensorization by 
[— dC] defines an isomorphism between and W^, and also of course between M.^ and M.w 
Thus 

cod(W^,^ M,) = cod{Wl,M^) = 1 - X{w) = 1 - x{v) + d , 
where the second equality holds by Lemma (L3.7). q.e.d. 
1.4. A large open subset of Mf", for r < 2. 

Given r > 1 and n > wc will construct an open non-empty subset U^'^ C A^^"^ and a tautological 
family of sheaves on S parametrized by U^'^. Together with Proposition (L3.2) this will establish 
that Ai^"' is an irreducible symplectic variety birational to S''"'. Furthermore since the complement 
of ZY^" has codimension at least two the map 6y: H*{S) iJ^(A1^"') will be completely determined 
by a tautological family on 5 x U^^. The construction oiU^^ and the relative tautological family 
is by induction on r: the idea is to imitate the picture for stable vector bundles on an elliptic curve 
(see (I.l.l)). First we will deal with the cases r = 1, 2. For simplicity's sake we fix n and we often 
omit it from our notation: 7V4^" will be denoted by M.r, etc. The moduli space Mi will be tacitly 
identified with St"!. Let /: 5 ^ be the elliptic fibration. 

(1.4.1) Definition. Ui C S^'^^ is the set consisting of[Z] such that: 

1. ^Zred > ('^ ~ 1); 2,iid Z D {critical points of /} = 0, 

2. hP{Iz (8) [(n - 2)C]) = 0, and ifh^\Iz ® [{n - l)C]) > then Z is reduced, 

3. if Z nT, ^ ij) then Z is reduced, Z PI S consists of a single point, and h^{Iz ® \{n — 1)C]) = 0. 

(1.4.2) Remark. The complement oflAi in S't"! has codimension two. 

Our choice of a tautological family on S xUi (recall that we identify Mi with S^"!) is 

jri :=72 7r*[E + nC], 

where Z G S xUi is the tautological subscheme. Notice that if a; G Wi then v{J^]^) is the normalized 
Mukai vector v with w° = 1, {v^, C) = 1, d{v) = 2n, i.e. the vector v of (L3.1) with r = 1. Thus 
is indeed a tautological family of sheaves on S xUi- The reason for restricting to the subset Ui of 
the whole rank-one moduli space S^""^ will become apparent when we deal with higher-rank moduli 
spaces. Now let's move to the case of rank two. We will construct a family of stable rank-two 
sheaves parametrized by Ui, this family will define a classifying morphism Ui Ai2, and U2 will 
be defined as the image of this morphism. The first step is to construct a family of extensions on 
S parametrized by Ui. If [Z] G Ui then by Items (2)-(3) of (1.4.1) together with Serre duality 

dimExt^(7z ® [S + (n - 2)C],Os) = h}{Iz ® [S + (n - 2)C]) = 1 , 

Ext*(7z ® [S + (n - 2)C],Os) = for i = 0, 2. (1.4.3) 
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Hence ii p:S xUi ^ Ui is projection, 

6 := ExtliT^ ®'K*[-2ClOs^u,) 
is a line-bundle on U\ . The exact sequence 

= H\Extli; •)) ^ Ext^ [T^ ® 7r*[-2C] ® p*^, 05xwJ ^ 

^ ® -^^ «>^*[-2C],C'5xwJ) ^ H''{Extl{;-)) = 

shows that there is a unique non-trivial tautological extension 

^ OsxMi ^ ^ ® TT* [-2C] ® p*6 . (1.4.4) 

Since OsxUi and are families of torsion-free sheaves parametrized by Ui, so is E"^. If [Z\ G Wi 
then is the unique non-split extension 

^ O5 ^ ff^] ^ /z (g) [S + (n - 2)C] ^ . (1.4.5) 

A computation shows that 

(1.4.6) . Keeping notation as above, v{£^^^ ) is normalized and 

v'> = 2, {v\C) = 1, 2 + {v{£^^^),v{£iz])) = 2n. 
Thus v{£^^-^) is the vector v of (1.3.1) with r = 2. 

If fj^] is stable then by the above computation the isomorphism class of S^^-^ is represented 
by a point of A42- Before analyzing stability we prove the following proposition. 

(1.4.7) Proposition. Let Q be a torsion-free stable sheaf on S, with {ci{Q),C) = 1. Suppose 
that for all t G we have 

Hom(Q|c„OcJ = 0. (1.4.8) 

Let 

^ [kC] ^F^Q^O (1.4.9) 

be a non-spht extension. 

1. The sheaf F is slope-stable. 

2. Letting 

s := dimExt^(Q,[/cC]) - 1, 

there are exactly s elliptic fibers C„ (counted with appropriate multiplicities) such that the 
restriction of (1.4.9) to Cu splits. 

Proof. By (1.4.8) the sheaf Homf{Q, [kC]) is zero. From the exact sequence 

-> (Homf (Q, [kC])) Ext^ (Q, [kC]) {Ext}{Q, [kC]) (Homf (Q, [kC])) 

we conclude that 

Ext^(g, [kC]) ^ {Ext}(Q, [kC])) . (1.4.10) 

Since Q is torsion-free it is /-flat, hence the Euler characteristic xiQlct^ [kC]\ct) is independent of 
the elliptic fiber Ct, and thus (1.4.8) implies that dimExt^ (Qlc^, [kC]\ct) is constant. Now let Ct 
be a generic elliptic fiber. Since Q is stable its restriction to Ct is stable by (1.1.6). By (1. 1.1) we get 
dimExt^{Q\c,,[kC]\ct) = 1, and hence A := ExtjiQ, [kC]) is a line-bundle. By Equality (1.4.10) 
the extension class of (1.4.9) corresponds to a non-zero section of this line-bundle, and the elliptic 
fibers for which the restriction of (1.4.9) to is trivial are in one-to-one correspondence with 
the zeroes of this section. This implies Item (1), by (I.1.1)-(I.1.6). It also implies Item (2) if we 
notice that 

dimExt^(Q, [kC]) = /t°(A) = degA + 1 . 

q.e.d. 
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(1.4.11) Corollary. Let [Z]eUi. If Z n S = and {Iz (8> [(n - 1)C]) = then £f^^ is stable. 
Proof. The sheaf ^^j^] ^^^s into the the non-spUt extension (1.4.5). Under our assumptions 

Hom(/z0[S + (n-2)C]|c,,OcJ = (*) 

for all elliptic fibers Ct- By Proposition (1.4.7) we conclude that S^^j is stable. q.e.d. 

Since for [Z] G Ui we have £{Z) = n, the above corollary shows that fp^j is stable for the 
generic [Z] . We let L be the divisor on Ui consisting of points [Z] such that 

(/z®[(n-l)C]) >0, 

i.e. such that Z contains two points lying on the same elliptic fiber. If D c 5 is an effective reduced 
divisor we let Di be the reduced divisor on S'l"! defined by 

Di := {[Z] G ZnD^$}. 

Since the complement of Ui in S^"'^ has codimension two (1.4.2) we can identify the group of divisors 
on Ui with the group of divisors in ; we will use the same symbol for corresponding divisors 
on Ui and S^"'\ The corollary above states that £^^-^ is stable if [Z] ^ L U Ei. We will show that if 
[Z] G L U Si then S^^j is indeed unstable. 

Semistable reduction along L. Notice that if n < 2 then L = 0, hence throughout this 
subsubscction we assume that n > 2. Let [Z] G L; since [Z] G L, and since by Item (2) of (1.4.1) 
the scheme Z is reduced, we can write uniquely Z = Zq U W, where Zq consists of two points 
belonging to the same elliptic fiber Cq. To simplify notation we set E := S^^y We recall that E is 
the unique non-trivial extension: 

0^Os^E^Iz^[^ + {n- 2)C] . (1.4.12) 

The sheaf E is unstable for the following reason. Prom 

dimHom(7z ® P + (n - 2)C]|c„ OcJ = | J jfj f '''''^ 

it follows that Ext}(/z (g) [E + (ra - 2)C],Os) = Opi (-1) ® Co, where Co is the skyscraper sheaf 
at 0. Now notice that, setting k = and Q := Iz fS) [T. + (n - 2)C], Equality (1.4.10) holds, 
because for its validity it is sufficient that (1.4.8) is satisfied for the generic elliptic fiber. Hence 
we conclude that the restriction of the non-split extension (1.4.12) to an elliptic fiber Ct is split for 
t 7^ 0, and non-split for t = 0. (Strange as it may sound.) Hence the restriction of E to the generic 
elliptic fiber is unstable, and by Proposition (1.1.6) E itself must be unstable. It is also clear that 
a destabilizing sequence must have some relation with the fiber Cq. Let's exhibit a destabilizing 
sequence. Consider the natural exact sequence 

^ ® [S + (n - 3)C] ^ 7z ® [S + (n - 2)C] ^ i.Oco (-P) ^ , (1.4.13) 

where l-.Cq ^ S is the inclusion, and P G Cq is the point such that (S n Cq) + -P is linearly 
equivalent to Zq (as divisors on Co). We claim that a lifts to a map a: Iw <8> [S -|- (n — 3)C] E. 
Consider the Ext-sequence associated to (1.4.13): 

= Hom(7w^® [S + (n-3)C],Os) ^Ext^(i*Oco(--P),C's) ^ 

^ Ext^(7z ® [S + (n - 2)C\,Os) ^ Ext^(7w- ® [S + (n - 3)C], O5) • 
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The obstruction to lifting a is given by 7(e), where e is the extension class of (1.4.12). A compu- 
tation shows that the first Ext^-group appearing above is one-dimensional. Since the second Ext^- 
group is also one-dimensional we see that 7 = 0, and hence a lifts to a map a : Iw (8>[S-F(n — 3)C] 
E. The lift is unique because S — (n — 3)C]) = 0. We claim that the quotient E/lma is 
torsion-frcc. First notice that since a is an isomorphism outside Cq, the quotient is certainly 
torsion-free outside Co- By (1.1.5) E is locally-free along Co, and clearly also Iw (8) [S + (n — 3)C] 
is locally-free along Co . Thus it suffices to show that a does not vanish at the generic point of Co . 
Assume the contrary: we would get a non-zero map Iw ^ [S -|- (n — 2)C] E, which is absurd. 
Thus E/lnuT is torsion-free; since its rank is one it is isomorphic to ly M, where Y is some 
zero-dimensional subschemc of S, and M is a line-bundle. Computing Chern classes one gets that 
M = [C] . Restricting a to Co one gets that Y = P. Hence we have an exact sequence 

^ /vF ® P + (n - 3)C] ^ E ^ Ip^[C]^0. ( rmlA.U) 

This is the Harder-Narasimhan filtration of E; since we do not need this statement we omit its 
(easy) proof. By uniqueness of (1.4.14) we can globalize the construction to all of f^^j^xL^ letting 
V C S X L and W C 5 x L be the subschcmes swept out by P and W as [Z] varies in L, there 
exist line bundles rji, r]2 on L such that we have an exact sequence 

^ 7w «> vr*[S + (n - 3)C] p*rji ^ £^\sxl ^ h ® 7r*[C] ® p*r)2 ^ . 

Letting i^:S x L ^ S xUi be the inclusion, we define to be the elementary modification of 
£^ associated to the above exact sequence, i. e. is the sheaf on S x Ui fitting into the exact 
sequence 

Q^g2 ^ ^* ^ ^ Q _ (1.4.15) 

The sheaf Q'^ is Ui-R&i [F2, Lemma (A.3)], i.e. we can view it as a family of sheaves on S 

parametrized by Ui . 

(1.4.16) Proposition. The sheaf ^p^j is torsion-free for all [Z] G Ui, and stable if [Z] G {Ui — Si). 

If [Z] € {Ui ~ L) then ^p^j = 8'^^^ hence the sheaf ^p^j is torsion- free for [Z] G [Ui -L), 
and, by Corollary (1.4.11), stable for [Z] G {Ui — L — Si). We are left with showing that Q'\^z\ 
torsion-free and stable for \Z\ G L. Assume \Z\ G L; for simplicity's sake set C := G'^zy "^^^ sheaf 
G is naturally an extension: in fact restricting (1.4.15) to S* x {[Z]} we obtain the exact sequence 

^ Ip ®[C] ^ G ^ Iw ®[^ + {n - 3)C] ^ . (1.4.17) 

Thus G is torsion-free. Stability will be proved in various steps. First we consider the case when 
n > 2. 

(1.4.18) Claim. Keeping notation as above, assume n> 2, i.e. W 7^ 0. There exists at least one 
point of W at which G is locally-free. 

Let's show that the above claim implies G is stable. Consider G**: from (1.4.17) we obtain 
the exact sequence 

^ [C] ^ G** ^ Iwo «) [S + (n - 3)C] ^ , (1.4.19) 

where Wq C ly is the subset of points at which G is locally-free (recall that by Item (2) of (1.4.1) 
the scheme W is reduced). By (1.4.18) we know Wq 7^ 0, and hence the extension class of (1.4.19) 
is non-trivial. Since Wq flS = and Wq intersects every elliptic fiber in at most one point, we can 
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apply Proposition (1.4.7) to the extension (1.4.19) and we conclude that G** is slope stable. Thus 
also G is slope-stable. 

Proof of Claim (1.4.18). As usual let E := E'^^y The Kodaira-Spencer map 

^Ext^ (£;,£;) 

is an isomorphism by the following criterion. 

(1.4.20) . Let Q he a stable torsion-free sheaf on S, such that ci(Q) ■ C = 1. Assume that 

h\Q) = Q /ii(g) =dimExt^(Q,Os) = 1. (t) 

Let F he the unique non-trivial extension 

O^Os^F^Q^O. (*) 

Then F is simple, and furthermore the Kodaira-Spencer map Ext\Q,Q) Ext^(F,F) corre- 
sponding to varying Q and deforming (uniqcly by )) the extension (* ) is an isomorphism. 

Proof. The proof consists in diagram chasing. We leave the details to the reader. q.e.d. 

The following is the key ingredient in the proof of Claim (1.4.18). 

(1.4.21) . There exists at least one point Q eW such that the restriction 

Ext\E,E)'^-^ Ext\EQ,EQ), 

is surjective. (Here Eq is the localization of E at Q.) 

Proof. The local-to-global exact sequence for Ext gives an exact sequence 

Q^H^ {Hom{E,E)) Ext^(E,E) Ext^{EQ,EQ) . (*) 

Qew 

Let's prove that 

{Hom{E,E)) =3. (**) 

Considering the natural exact sequence 

^ Hom{E,E) Hom{E**,E**) Cq ^ 

Qew 

we get 

{Hom{E, E)) = dimHom(F, E) - h^{E* 0E**) + {n-2) + h\E* E**) . (f) 

Considering the destabilizing sequence for E**, one proves that h^{E* ® E**) = (n — 2). Applying 
Hirzebruch-Rieman-Roch and Serre duality to E* ®E** we get {E* ® E**) = 2. Since by (1.4.20) 
we have dim Hom(£', £") = 1, Equation (f) gives (**). Now let's prove (1.4.21), arguing by contra- 
diction. For all Q G W we have Eq = O © 7q, where Iq is the maximal ideal at Q, and hence 
dmiExt^{EQ,EQ) = 3. Assuming that for all Q G W the restriction map (f)Q is not surjective we 
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conclude from (*) and (**) that dimExt^(i?, E) < 2n. This is absurd because dimExt''^(£', E) = 2n 
(by Hirzebruch-Riemann-Roch and simphcity of E). q.e.d. 

Now we are ready to prove Claim (1.4.18). Let Q & W he a point such that (1.4.21) holds at 
Q. By (1.4.20) and (1.4.21) the map 

T[z]S^^^^Ext\EQ,EQ), (**) 

obtained by composing Kodaira-Spencer with restriction to Ext^{EQ,EQ), is surjective, i.e. the 

map from a neighborhood of [Z] to the versal deformation space of Eq = Iq (B O induced by S'^ 
is a submersion. This means that there are local coordinates x,y on S, centered at Q, and local 
coordinates u,v,t on S^"'\ centered at [Z], such that £^ is locally generated by a,f3,j with the 
single relation 

{x — u)a + {y — v)P + tj = 0. 

By (I.1.3)-(I.1.5) the sheaf ^^p^']' \^'\ near [Z], is singular exactly when \Z'\ G L, and then it 
is singular at each point of W . Hence a local equation for L is given by \t = 0}. Changing local 
generators of 6"^ if necessary we can assume that a, /3 generate, for t = 0, the destabilizing subsheaf 
Iw (g) [S + (n — 3)]. Then the elementary modification Q"^ (see (1.4.15)) is locally generated by a, 
P and tj. By the above relation these elements generate a locally-free (rank-two) sheaf. q.e.d. 

This finishes the proof of Proposition (1.4.16) when n > 2. Now we examine the case n = 2. 
The destabilizing sequence (1.4.14) becomes 

0^[S-C]^ E ^ Ip®[C]^0, (1.4.22) 

and E is locally-free. Exact sequence (1.4.17) becomes 

^ 7p [C] ^ G ^ [S - (7] ^ . (1.4.23) 

Let Ct be a generic elliptic fiber: we will prove G\ct is stable. This will establish that G is stable 
by Proposition (1.1.6). The vector bundle G\ct is stable if and only if the restriction of (1.4.23) to 
Ct is non-split. To determine the relevant extension class we proceed as follows. Consider £^^,^\ct 
for [Z'] G Ui. by (1.4.22) this is unstable for [Z'] G L, while by (L1.6) it is stable (for Ct generic) 
if [Z'] G {Ui — L — Si). Furthermore, restricting Exact sequence (L4.15) to Ct xUi, we see that 
G'^lctxUi is obtained from £'^\ctxUi by applying the first step of semistable reduction to the bundles 
parametrized by L. Hence by [O, (1.11)] the extension class of the restriction of (1.4.23) to Ct is 
given by the following recipe. Let 

a:T[z]S^'^ ^ (Oc.(-S)) 

be the composition of Kodaira-Spencer and the natural map (ad£^) — > {Oct (~^)) induced by 
restriction of Exact sequence (1.4.22). If x G Tj^jS't^' is a tangent vector, the class q(x) represents 
the obstruction to lifting to first order, in the direction x, the restriction of (1.4.22) to Ct- Thus a 
vanishes on Tyz]L, and hence it induces a map 

a:r[2i5Pl/T[ziL^i/i (Oc,(-S)) . 

The extension class of the restriction of (L4.23) to Ct is given by a generator of Ima. By (L4.20) 
the Kodaira-Spencer map is surjective, and thus it suffices to show that 

H^{a.dE) {OcA-^)) (L4.24) 
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is non-zero. Consider 



H\eidE) H\&dE\c,) ^ H^iadE [-C]) . 

By Serre duality the transpose of /3 is identified with the restriction map 

i&dE ® [C]) ^ H°{adE\cJ . 

Let's examine {adE (g) [C]). Using (1.4.22) one verifies that any (p G Hom(£', EiSi[C]) decomposes 
as ip = ip*^ + ip^ , where (p^ G H^{[C]) (8> Idg, and (p^ is a constant multiple of the composition 

E^Ip^[C]^[C]^E^ [C] , 

where the last map is given by the non-zero section of E. Thus i?°(ad£'(8) [C]) is one-dimensional; 
let p he a generator. Then 

''mi 1112 





where Tjn € H^{OcJ, and r?i2 € i^°(Oct(S) (recall that E\c, = Oct(S) OcJ, and if Ci is 
generic then rjit ^ 0. Now let r G H^{adE\ct). Then 
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where rn G H^^OcJ, and r2i G 7^^(004 (—5])). Since Im*/3 is genereted by y'lct; Serre duality 
tells us that r G Ker/? if and only if 



= Tr 



Til 









r?i2 


_T21 


-Tll_ 







-??ii_ 



2Tii77ii +T2ir?i2 . 



Since rju / we conclude that the generator r of Ker/? has T21 ^ 0. Let r G if^(adi?) be a lift 
of T. The image of r under the map (L4.24) is equal to T21, which is non-zero. Hence Ima is 
non-zero, and G\ct is stable. This proves Proposition (L4.16) in the case n = 2, and finishes the 
proof of the proposition. 

Semistable reduction along Ei. Notice that Si is empty if n = 0, hence we assume throughout 
this subsubsection that n > 1. Let [Z] G Hi. By Item (3) of Definition (L4.1) the intersection 
Z n E consists of a single reduced point P, and Z = PU W, where W is reduced of length (n — 1). 
We let Co be the elliptic fiber through P. To simplify notation we set G := Qfzy Since G is the 
same as £^j^] > presented as the unique non-trivial extension 



^ Os ^ G ^ Iz (g) [S + (n - 2)C] ^ . 



(1.4.25) 



The sheaf Q'\^z] unstable; one argues exactly as when we explained why £?^^ is unstable for [Z] G L. 
We will not go through the same argument again. Instead we directly exhibit a destabilizing 
sequence for G. Let 

0^ Iw®[^ + {n- 3)C] A 7z ® P + (n - 2)C] ^ i,Oc^ ^ , (1.4.26) 
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be the natural exact sequence, where r.Co ^ S is the inclusion. We claim that a lifts to a map 
a: Iw [S + (n — 3)C] G. Consider the Ext-sequence associated to (1.4.26): 

= Rom{Iw ® [S + (n - 3)C],Os) ^ Ext\t*0Co, ^ 

^ Ext^(/z ® [S + (n - 2)C],Os) ^ Ext^(V ® [S + (n - 3)C],Os) • 

The obstruction to lifting a is given by 7(e), where e is the extension class of (1.4.25). Since the first 
Ext^-group in the above exact sequence has dimension zero, and since also the second Ext^-group 
is one-dimensional, we see that 7 = 0, and hence a lifts to a map a: Iw <8) [S + (n — 3)C] — > G. The 
lift is unique because S — (n — 3)C]) = 0. The quotient G/lma is torsion-free: the argument 

is the same as the one given to show that E/lma is torsion- free when we performed semistable 
reduction along L, we omit to repeat it. Since E/lma is torsion-free of rank one, it is isomorphic 
to ly (S) M, where Y is some zero-dimensional subscheme of S and M is a line-bundle. Computing 
Chern classes one gets that M = [C] and Y is empty. Hence we get 

^ /vK <8) p + (n - 3)C] -^G^[C]^0. (1.4.27) 

This sequence gives the Harder-Narasimhan filtration of G. By unicity the above exact sequence 
globalizes: thus there are line-bundles ^i, ^2 on Si such that we have 

^ /w ® TT* [S + (n - 3)C] (g) p*ei ^Q^lsx^,^ TT* [C] ®p*e2^0, 

where W is the scheme swept out by W as [Z] varies in Si. Let T"^ be the sheaf on S xUi defined 
by 

O^J^^^g^^ ^ ^ , (1.4.28) 

where Ui is the inclusion. The sheaf JF^ is Wi-flat ([F2, Lemma (A. 3)]), hence we can 

view it as a family of sheaves on S parametrized by Ui . 

(1.4.29) Proposition. Keep notation as above. If[Z] ^Ui thenv (^^^z]) is the normalized Mukai 

vector V with v*^ = 2, {v^, C) = 1, and d{y) = 2n, i.e. it is equal to the vector of (1.3.1) with r = 2. 
The sheaf T"^ is a family of stable torsion-free sheaves on S, parametrized by Ui . 

Proof. Since is ZYi-flat, and since Ui is connected, the vector v {^[z]j is independent of [Z]. If 
[Z] £ (Wi-L-Si) then J^p^j = fp^p thus the first statement follows from (1.4.6). For [Z] G (Wi-Si) 
we have T^^j = Qfzy hence the only thing left to prove is that .T^j^j is stable and locally-free for 
[Z] e Si. Restricting (L4.28) to 5 x [Z], for [Z] e Si, one gets 

0^[C]-^ Tlz\ ^ % ® [S + (n - 3)C] ^ . (1.4.30) 

For each t G P^ one has Hom (Jw [S (n - 3)(7] |c„ [C] |cj = 0, because of Item (3) of (1.4.1). 
Thus by Proposition (1.4.7) the sheaf ^yz] stable if the extension (1.4.30) is non-split. The 
extension class of (1.4.30) is obtained as follows. Let 

a: r[z]5["l ^ Ext^ (Jw [S + (n - 3)C], [C]) 

be the composition of Kodaira-Spencer for Q"^ and of the map 

/?: Ext^ {0[z],0[z]) ^ Ext^ (Iw [S + (n - 3)C], [C]) 
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associated to (1.4.27). For x G T^z]S^"'^ the class a{x) is the obstruction to lifting (1.4.27) to first 
order in the direction of x. Thus a vanishes on Tj^jSi, and it induces a map 

a:r[z]5M/%]Si ^ Ext^ {Iw «> [S + (n - 3)C], [C]) . 

The extension class of (*) is equal to the generator of Ima [O, (1.11)]. By (1.4.20) the Kodaira- 
Spencer map is surjective, hence it suffices to check that the map P is non-zero. One checks that 
the lemma below applies to the exact sequence (1.4.27), and hence /? does not vanish. This proves 
Extension (1.4.30) is non-split, and hence J^^^j is stable by Proposition (1.4.7). q.e.d. 

Lemma. Let A, B be stable torsion-free sheaves on S, with 

dim Ext^ {A, B)>2 Hom(yl, B) = Hom(S, A) = 0. 

Suppose we have a non-trivial extension 

0^ A^ F ^ B ^0. 

Then the map Ext^(F, F) Ext^{A, B) is non-zero. 

Proof. The proof consists of diagram chasing. First one proves that F is simple, and thus by 
Serre duality Ext^(F,i?') = C. Then one gets surjectivity of Ext^(i?', F) Ext^{F,B). Finally one 
considers 

Ext^{F,B) ^ Ext'^{A,B) Ext^{B,B) Ext^(F,S) ^ Rom{B,F)* =0. 

Since B is stable it is simple, and thus dimExt^(B,B) = 1. Since dimExt^ (A, B) > 2 the map \E' 
is non-zero, and hence $ does not vanish. q.e.d. 

Since is a family of stable sheaves on S parametrized by Ui , with normalized Mukai vector 

V, it defines a classifying morphism (p:Ui — >■ A^2- 

(1.4.31) Proposition-Definition. Keep notation as above. Let U2 := ^{U\) . Then U2 is an open 
subset of M2, and its complement has codimension two. The map f.Ui U2 is an isomorphism, 
and hence we can view T"^ as a tautological family of sheaves on S parametrized by U2 ■ 

Proof. On the subset {Ui — L — Ei) the map is injective. In fact if [F] e ip (JA\ — L — Ei) 

then h^{F) = 1 by Items (2)-(3) of (1.4.1), and the inverse Lp~'^ on Lp {U\ — L — Si) is obtained by 
associating to [F] the (zero-dimensional) zero-locus of a non-zero section of F. Thus if has degree 
one onto its image. Let ^ be a symplectic form on A^2 [Ml]. Since the complement of ZYi in S"!"! 
has codimension two, (p*T extends to a two-form on all of S"!"!. This two-form is non-zero because 
ip has degree one, and hence it is a symplectic form. This implies that (p is an embedding; since 
dimWi = dim AI2 and since M2, l^i are smooth we conclude that ip is an isomorphism onto U2, 
and that U2 is open in Al2- Now let's prove that the complement of U2 has codimension at least 
two. By Proposition (1.3.2) we know A42 is irreducible, hence (p defines a birational map 

(p: ■■■>M2. 

Assume that {M2 —^2) contains a divisor D. The map ip~^ is a morphism on some (non-empty) 
open subset D° c D because S"!"!, M2 are both irreducible symplectic. Applying Zariski's main 
theorem to a resolution of indeterminacies of (p we see that(^-i(L'°) C (5W -Ui). Since (5M-^^i) 
has codimension two, we conclude that ip~^ contracts D°. This is absurd because the pull-back by 
ip~^ of a symplectic form on Sl"! is a symplectic form on A42. Thus (A^2 — U2) has codimension 
at least two in A^2- q.e.d. 

1.5. A large open subset of Mr-, for r > 3. 

We retain notations and conventions of the previous subsection. For each r > 3 we will 
construct a subscheme Ur of M.^. and a tautological family T"^ of sheaves on S parametrized by Ur. 
In order to construct T"^ we need the following inductive hypotheses: 
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(1.5.1) . Ur=Ul. 

(1.5.2) . Let r>2. IfxeUr then hP{Tl ® [-2C]) = 0. 

(1.5.3) . Let r > 2, and let y ^ "Ei C Ur (this makes sense by (1.5.1)). Then Ty is locally- 
free. There exists exactly one elliptic fiber C„ such that Hom(.?^^|c^, Oc^) ^ 0. Furthermore 

^y\c^ = Cc„ e V, where Rom{V, OcJ = 0. 

(1.5.4) . Let r > 2. If x E (Ur - Si) then YLom{J'l\c,,Oc,) = for ^elliptic fibers Ct. 

Let r > 2 be given, and assume (L5.2)-(L5.4) hold for this r: we will construct JF''+^. Let 
X G Ur- Since the Mukai vector corresponding to Mr is normahzed we have xi^x) = 1- Let Cg, 
Ct be two elliptic fibers; the exact sequence 

^ ® [-2C] ^ ^ .^ic.uc. - 

shows that xi^x ^ [-2C]) = -1- By (L5.2) h^{T^ [-2C]) = 0, and by Serre duality together 
with stability of J^^, 

® [-2C]) = Hom(jr; ® [-2C],Os)* =0. (1.5.5) 

We conclude that H^{J^^ [-2C]) is one-dimensional. By Serre duality Ext^(:F^ ® [-2C],Os) is 
one-dimensional. Thus if p: 5 x W^. — ^ Ur is projection, 

^,+1 := ExtK^: ® [-2C], OsxmJ 

is a line-bundle on Ur- Let £'^~^^ be the tautological extension 

^ OsxM. ^ ^r-® Tr*[-2C] ® p*^r+i ^ . 

Since is Ur-&a,t, so is If x G ZY^ then S'^'^^ is the unique non-trivial extension 

^ O5 -> ^ -^^ [-2C7] ^ . (1.5.6) 

(1.5.7) Lemma. Let r > 2 be given, and assume (L5.4) holds for this r. Then £^~^^ is a family of 
torsion-free sheaves on S parametrized byUr- If x EUr, v{£^~^^) is the normalized Mukai vector 
V such that 

t,o = (r + l) {v\C) = l d{v) = 2n, (1.5.8) 

i.e. the vector corresponding to Air- F'or x G {Ur — Si) the sheaf S^'^^ is stable, and furthermore 
for all elliptic fibers Ct one has Hom(6'^"'"^ , Oct) = 0. 

Proof. Z^f.-flatness follows immediately from ZY^-flatness of J^^ . Since J^^ is torsion-free, so is 
S^~^^. To show that v{£J^'^^) is normalized consider the long exact cohomology sequence associated 
to (1.5.6). Equation (1.5.8) is proved by a simple computation. Stability follows from Item (1) of 
Proposition (1.4.7). By Item (2) of Proposition (1.4.7) the restriction of (1.5.6) to any elliptic fiber 
is non-split, and hence the result follows from Remark (1.5.9) below. q.e.d. 

(1.5.9) Remark. Let Ct be an elliptic hber, and Oct -^V^W^Qbea non-trivial 
extension. If Hom(W, OcJ = then Hom(y, OcJ = 0. 

Let's show that for y G Si the sheaf £y~^^ is not stable. By (1.5.3) there exists a unique elliptic 

fiber Cu such that Hom(.F^ [—2C]\c^,Oc^) 7^ 0, this group is one-dimensional, and if /? is a 
generator, the corresponding map is surjective. We define 7iy to be the sheaf on S fitting into the 
exact sequence 

^ A [-2C] A CCc„ ^ , (1.5.10) 

where t.":Cu ^ 5 is the inclusion. At this point we add to our list of inductive hypotheses one 
last item. 
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(1.5.11). Let r > 2 be given. Let y G Si- Then Wy is locally-free, and HomC^^lc,, OcJ = for 
all elliptic fibers Ct- 

We claim that a lifts to Sy'^^'-, this will give a destabilizing subsheaf of Sy'^^ ■ Consider the 
exact sequence 

■Rom{ny,Os) ^ Ext^(COc„,Cs) ^ Ext^(J^; ® [-2C],Os) ^ Ext^?^^,©^) • 

Letting e be the extension-class of (1.5.6), 7(e) is the obstruction to lifting a to f^"*"^. Since 
Hy\ct = ^y\ct for t ^ u, the restriction of 'Hy\ct to the generic elliptic fiber is stable, and hence 
the first group of the above sequence is zero. A straightforward computation shows that the first 
Ext^-group is one-dimensional; since we know that also the second Ext^-group has dimension one, 
7 must vanish. This proves that a lifts to a map a-.Tiy £y~^^- 

Claim. Let r >2 be given. Assume that (1.5.2), (1.5.3) and (1.5.11) hold for r. Then 

^;+Vlm5 ^ [C] . 

Proof. The quotient £y~^^ /Ima is clearly of rank one. Let's start by showing that it is torsion- 
free. By (1.5.11) the sheaf is locally-free. By (L5.3) Ty [— 2C] is locally-free, hence by Exact 
sequence (L5.6) also £y~^^ is locally-free. Thus, since outside of C„ the map a is an injection, 
£y~^^/Iraa. has torsion if and only if a drops rank along all of C^. Let's assume that this is indeed 
the case: since Ker(5|c„) C Ker (ajc^), and since the second kernel is a line-bundle, we conclude 
that the two kernels coincide. We claim this implies that 5 extends to a map ^y (8) [— 2C] ^y^^- 
In fact consider the subsheaf Sat(Im5;) C £y~^^ associated to the presheaf 

(fa G Ima for some 7^ G Ou} ■ 
Sat(Im5) is locally-free, and since Ker (5|c„) is of rank one, it fits into an exact sequence 

O^ni^ Sat(Im5) ^ ^Oc^ . 

Since Ker(5|c„) = Ker(a|c„), we have Sat(Im5;) = J^y ® [—2C\. Thus 5 extends to a map 
Ty (g) [— 2C] — £y'^^- This is impossible because (L5.6) does not split. Hence £'^+^/Im5 is torsion- 
free, and therefore isomorphic to 7^ (8) A, for a line-bundle A and a zero-dimensional subscheme Y 
of S. Computing Chern classes one gets that A = [C\ and that Y = $. q.e.d. 

Thus we get a unique exact sequence: 

Q^TVy^ £1+'^ ^ [C] ^ . (L5.12) 

Since {ci{7iy),C) = 1, the above exact sequence shows that the restriction of £y'^^ to the generic 
fiber is unstable; by (1.1.6) we conclude that £y'^^ is unstable. By unicity of the above construction, 
we can globalize it to all of S* x Si . Hence there exists a line-bundle rj^+i on S x Si and a surjection 
^'^"'"^IsxSi — ^ Vr+ii which restrict on 5 x {y} to the above destabilizing quotient for £y'^^ ■ We 
define ^''+1 as the elementary modification of £^'^^ fitting into the exact sequence 

^ jrr+l ^ ^r+l ^ i^^r]r+^ Q . (L5.13) 

(1.5.14) Lemma. Let r be given, and assume (L5.2)-(L5.11) hold. Then ^''+1 is a family of 
torsion-free stable sheaves on S. IfxE Ur then ^>(.7^^+^) is equal to the normalized Mukai vector v 
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satisfying (1.5.8). If y G Si there exists exactly one elliptic fiber Cu such that Hom(jr^+^|c^, Oc„) 
is non-zero. Furthermore ^y~^^\cy, — Cc„ © where Hom(F, Oc„) = 0. 

Proof. Since 8''+'^ is ZY^-flat, the sheaf is flat by [F2, Lemma (A.3)]. 



In particular J^y is torsion-free, hence J^^~^ is a family of torsion- free sheaves on S parametrized 
by Ur- Prom this it follows that there is a two-step locally-free resolution of and hence 

the Chern character of J-^'^'^ is a locally constant function of x G Ur. Thus v{^^'^^) is a locally 
constant function of x G Ur. Since, by (1.5.1), Ur is irreducible, this function is constant; hence 
Equality (1.5.15) and Lemma (1.5.7) imply that v{J^^~^^) is as stated. Let's prove stability. For 
X G {Ur — Si) this follows from (L5.15) together with Lemma (L5.7). Let y G Ei. Proceeding 
exactly as in the proof of Proposition (1.4.29) one shows that Extension (1.5.16) is non-trivial, 
and hence stability of J^y~^^ follows from (L4.7) together with (L5.11). What is left to prove 
are the last two statements. By (1.5.11) we can apply Proposition (1.4.7) to Extension (1.5.16): 
since dimExt^('H^, [C]) = 2 we get that there exists a unique elliptic fiber C„ such that the 
restriction of (1.5.16) to C„ is trivial. By Remark (1.5.9) together with (1.5.11) we conclude that 
Hom(jr^"'"^|ct, Oct) 7^ if and only if t = u. That J^y~^^\cu splits as stated follows immediately 
from (1.5.11). q.e.d. 

Now we can define Ur+i- By Lemma (L5.14) the sheaf J^^+^ defines a classifying morphism 
(f-.Ur Mr+l- 

(1.5.17) Proposition-Definition. Keep notation as above. LetUr+i '■= ^{Ur)- ThenUr+i is an 
open subset of Mr+i, Sind its complement has codimension two. The morphism ip:Ur Zir+i is 
an isomorphism onto its image. Hence we can view T^^^ as a tautological family of sheaves on S 
parametrized Ur+i . 

Proof. The proof goes exactly as the proof of Proposition (1.4.31). q.e.d. 

What is left to do is to prove inductively that hypotheses (I.5.1)-(L5.11) hold for all r > 2. 
Item (1.5.1) is obvious. 

Proof of (1.5.2). To verify (1.5.2) for r = 2 one considers separately the three cases x G 
{U2 — L — '^1), X G L, and x G Si. Set x = [Z]. In the first case T^^-^ = S^^y, tensoring Exact 
sequence (1.4.5) by [— 2C], and using Definition (1.4.1), one gets the desired result. In the second 
case ^fz] ~ ^[ZY ^'^'^ ^^^^ result arguing similarly, with Sequence (1.4.17) replacing (1.4.5). 
In the third case one proceeds in the same way, with (1.4.30) replacing (1.4.5). Now let's prove 
the inductive step. If x G {Ur+i — ^i) then TJ^'^^ = S'^'^^ (of course we identify Ur+i with Ur)\ 
tensoring (1.5.6) by Os{—'^C) and applying the inductive hypothesis one gets the result. Let 
y G Si. Tensoring (1.5.16) by Os{~2C) we see that it suffices to show that /i°(W; §?) [-2C]) = 0. 
By (1.5.10) Tiy is a subsheaf of Ty ® [—2C] hence the result follows from the inductive hypothesis. 

Proof of (1.5.3). First we verify that (1.5.3) holds for r = 2. We start by showing that J^y 
is locally-free for all y G Si. The proof is by contradiction. Assume ^fzo\ singular for some 
[Zq\ g Si. Let's prove that this implies T"^^-^ is singular for all [Z] G Si. Since Si n L = 0, there 
exists [Zq\ G {U2 — L) such that ^fzo\ '^^ singular. The locus of [Z\ G {U2 — L) such that T"^^^ 



lixeUr-^i then JF^+i = Sl+^ . 



(1.5.15) 



If y G Si restriction of (1.5.13) to S x {y] gives 



(L5.16) 
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is singular has codimension at most one, because has rank two. If \Z\ G {JA2 — L — Si) then 
•^[z] ~ ^[z]' ^^'^'^^ ^{z\ -^^^ non-trivial extension (1.4.5) it follows from (1.1.5) together with 

Definition (1.4.1) that JF^^] is locally-free. Since Si is irreducible we conclude that JF^^] is singular 
for all [Z] G Si. Let [Z] G Si, and set Z = P n PF, where P := Z n S. Since J^p^j fits into exact 
sequence (1.4.30) its singular points belong to W. On the other hand we claim that if n > 2 (we will 
treat the case n = 2 separately) there exists at least one point of W at which ^j^j is locally-free. 
In fact consider the exact sequence 

{Uomilw (8) [S + (n - 3)C], [C]) ^ Ext^ {Iw [S + (n - 3)C], [C]) A 
^ {Ext\lw (8) [S + (n - 3)C], [C])) {Hom{Iw (g) [S + (n - 3)C], [C]) . (1.5.18) 

Since n > 2 the first term is zero, and the claim follows immediately. Now fix Pq £ S, and consider 

no := {[W] G (5 - Po)["-'l I [Po U IF] G Si} . 

Each \W\ G is the disjoint union of the subset consisting of the points at which ^yy^up^] is 
locally- free and of its complement. Since for each \W\ G Q,q these subsets are both non-empty, we 
conclude that the incidence locus 

^0 :={([IF],Q) gQo x5| QeW} 

has two components. This is absurd, and hence ^j^j i^ locally-free for all [Z] G Si, if n > 2. Now 
let's suppose that n = 2. Assume .T^j^] i^ singular. Consider Exact sequence (1.5.18): since W 
consists of one point, and since 

dimif° {Ext^{Iw (8) [S + (n - 3)C], [C])) = 1 , 

the image under r of the extension class of (1.4.30) must be zero, i.e. the extension class lives in 
the first cohomology group of (1.5.18). Since this group is one-dimensional, we conclude that the 
isomorphism class of T^^j only depends on W, and not on P. This is absurd because U2 is a subset 
of the moduli space M.2- We have finished proving that jF|^j is locally-free for all [Z] G Si. To 
prove the second and third statements of (1.5.3) one applies Item (2) of Proposition (1.4.7) to the 
non-split exact sequence (1.4.30): this gives that there exists a unique elliptic fiber Cu such that 
the restriction of (1.4.30) to C„ splits. By Remark (1.5.9) and Definition (1.4.1) one concludes that 
Hom(jrj2] \ct ) C'ct ) 7^ if and only iit = u, and that the splitting at i = u is as claimed. It remains 
to verify the inductive step: this was proved in Lemma (1.5.14). 

Proof of (1.5.4). Let's prove (1.5.4) for r = 2. First consider G (W2 - Si - L). Set x = [Z]. 
Then Tf^] = Sfzy % Item (2) of Proposition (1.4.7) the restriction of (1.4.5) to any elliptic fiber 
is non-split, and hence Statement (1.5.4) follows from Remark (1.5.9). We are left with proving 
that (1.5.4) holds for a; G L (and r = 2). 

Claim. Assume there exists x G L and an elliptic fiber Cu such that Hom(.Fj|c„, Oc„) 7^ 0. Then 
Tl\c^ is singular. 

Proof of the claim. Since x G L, we have = Q^- To simplify notation set G := Q^. Then 
we have 

Q ^ Ip ®[C] ^ G ^ Iw + {n - 3)C] ^ , 
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with notation as in (1.4.17). By (1.4.18) the sheaf G is locahy-free at one at least of the points of 
W. By (1.1.4) and Definition (1.4.1) the sheaf G is locally-free at all points of W , and hence we 
get 

0^[C]^G**^/vK®P + (n-3)C]^0, (f) 

hmce Ext^(/vi/ ® [S + (n - 3)C7], [C]) is one-dimensional, the restriction of (f) to any elliptic fiber 
Ct is non-split by Item (2) of Proposition (1.4.7). Thus by Remark (1.5.9) Hom(G**|ct, OcJ = 
for all elliptic fibers Ct- Since G\(^s-p) — G**\(^s-p) we conclude that P G C„, i.e. G|c„ is singular, 
q.e.d. 

Let's go back to the proof that (1.5.4) holds for r = 2 and a; G L. Assume that (1.5.4) 
does not hold for some x G L; we will arrive at a contradiction. Let G, Cu be as above. Let 
Def°(G|c„ ) be the subspace of the deformation space Def (G|c„ ) parametrizing deformations "fixing 
the determinant". The restriction map r„: Def(G) Def°(G|c^) is surjective. In fact it suffices to 
check that /i^(adF** [— C]) = 0; by Scrre duality this is equivalent to /i°(adF** [C]) = 0, and 
this follows from stabilty of F**\c^ for a generic elliptic fiber Letting V C Bei^{F\cJ be the 
subspace parametrizing deformations A such that }lom{A,Oc^) ^ 0, one verifies easily that the 
generic point of V parametrizes a locally-free sheaf. Since the restriction map r„ is surjective we 
conclude that there exists x' G U2 arbitrarily near to x such that Hom(jrJ, \c^,Oc^) / and !F^, \c„ 
is locally-free. By the previous claim x' ^ L. Since Si PI L = we can assume x' G {U2 — L — Si). 
This is absurd: by Item (1.5.3), which we have just proved, Hom(^J,|c^, Cc^) 7^ for such an 
x' . Now let's prove the inductive step. Since x G (^^r+i — Si) we have = £x~^'^ (we are 

identifying Ur+i with Ur). By Remark (1.5.9) and Inductive hypothesis (1.5.4) it suffices to show 
that the restriction of (1.5.6) to any elliptic fiber is non-split. This follows at once from Item (2) 
of Proposition (1.4.7). 

Proof of (1.5.11). By (1.5.3), which we have just proved, is locally-free for r > 2. Exact 
sequence (1.5.10) proves that also Hy is locally-free for r > 2. Now let's prove that 

Rom.{ni\c, ,OcJ = for all elliptic fibers Q. (1.5.19) 

For this it is convenient to notice that Hy has been defined also when r = 1. In fact Exact 
sequence (1.5.10) in the case r = 1 becomes Exact sequence (1.4.26). Thus 

W[z] = V ® [S + (n - 3)C] . 

Exact sequences (I.5.12)-(1.5.16) for r = 1 reduce to (1.4.27) and (1.4.30) respectively. We will prove 
inductively that (1.5.19) holds for all r > 1. It holds for r = 1 because by Definition (1.4.1) W 
intersects every elliptic fiber in at most one reduced point, not belonging to S. Now assume (1.5.19) 
holds for r > 1. Replacing r by r -I- 1 in (1.5.10), and tensorizing the exact sequence by [2C], we 
get 

^ n:+' ® [2C] ^ ^ i:oc,^ ^ o . 

Thus local sections of Ti^+^^pC] consist of local sections of J^^"*"^ whose projection to [C]|c„ — Cc„ 
is zero, where the projection is defined by the splitting of (1.5.16) along Cu- Let cr be a non-zero 
section of [C] which vanishes on Cu- by (1.5.16) this gives a section of T^^^, which we still denote 
by a. Since a vanishes on C„, it belongs to {'^x^^ ® [^C*]); notice that as a section of this 
locally-free sheaf it is nowhere zero along Cu- Considering (1.5.16) we see that the resulting exact 
sequence is: 

O^Os^ [2C] ^ni^O. (1.5.20) 



22 



The restriction of the above extension to a generic elhptic fiber coincides with the restriction 
of (1.5.16), and hence it is non-trivial. By the inductive hypothesis Ilom{Tl^\ct,Oct) — fo^" 
all ehiptic fibers. Thus we can apply Item (2) of Proposition (1.4.7) to Extension (1.5.20). A 
computation gives dim Ext^ (H^, Os) = 1, and hence by (1.4.7) the restriction of the above extension 
to any elliptic fiber is non-trivial. By (1.5.9) and the inductive hypothesis we conclude that (1.5.11) 
holds with r replaced by (r -|- 1). 

This ends the proof that the tautological families J^^ are defined for all r. 

1.6. Proof of Theorem (1.0.4). 

As explained in Subsection (1.2) we can assume v is normalized, that is Aiy{H) = for r = 
and n = d{v)/2. By Subsections 1. 4-1. 5 we know is non-empty, thus by Proposition (1.3.2) 
it is birational to S'f"^^. We are left with proving that Oy is an isomorphism of integral Hodge 
structures, and that it preserves the quadratic forms. As in the previous subsections we think n is 
fixed, and we omit it from our notation whenever this shouldn't cause confusion. We let 

Vr '■= r + ci(S + [n — r"^ + r)C) -|- (1 — r)ui 

be the Mukai vector corresponding to A^^", and we set Or '■= 0^^. A lattice {A,q) consists of a 
free Z-module A provided with an integral quadratic form q. A homomorphism between lattices 
(Ai,gi), (A2,(?2) consists of a homomorphism of modules /: Ai A2 such that qi{a) = q2{f{ot)) 
for all a G Ai. 

(1.6.1) Proposition. Keep notation as above and assume n> 1. The map Or is integral, i.e. 

Or {v^ nH%S;Z)) cH\Mr;'Z). 

This map is a homomorphism of lattices, where fl H*{S; Z) is provided with Mukai's quadratic 
form, given by (1 ), and H^{M.r', Z) is provided with Beauville's canonical quadratic form Bm [B, 
Th. (5)]. 

Proof of Proposition (1.0.4) assuming (1.6.1). Our first step is to identify the quadratic form 
i?_A42n. For this we need the lemma below. This result is well-known to experts [M3, Prop. (5.8)]; 
we give a proof for the reader's convenience. 

(1.6.2) Proposition. Let X,Y be birational irreducible symplectic projective varieties. Let 
/: A • • • > Y be a birational map. There exist open subsets i:U ^ X, j:V ^ Y , whose com- 
plements have codimension at least two, such that f restricted to U is regular and it defines an 

isomorphism f\u-U —>■ V. Let f^:H'^{X;Z) —>■ H^{Y;Z) be the isomorphism obtained as the 
composition 

i* j* 
H'^iX; Z) ^ H'^iU; Z) ^ H'^{V; Z) ^ H'^{Y; Z) , 

which is independent ofU, V. Then for all a G H^{X) 

Bx{a)=BYifa). (1.6.3) 

Proof. Let A <— Z y be a resolution of indcterminacies of /, with Z smooth. Let's show that 
the exceptional divisors of g are the same as the exceptional divisors of h. If tx G if°(03c) then 
there exists ry G i?°(f2y) such that 

g*rx = h*TY ■ (*) 
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Now assume tx ^ 0. Let dimX = dimF = 2n. If E is an exceptional divisor of g then A'^{g*Tx) 
vanishes on E, hence by (*) so does A"(/i*ry). Since ry is non-degenerate this impUes that E 
is an exceptional divisor of h. Thus every exceptional divisor of g is an exceptional divisor of h. 
Reversing the roles of X and Y we conclude that the exceptional divisors of g and h are the same. 
Clearly the first statement holds if we set U := g{UiEi), V := h{UiEi), where {Ei} is the collection 
of all exceptional divisors. Equivalently the isomorphism is obtained from the decomposition 

g*H^{X; Z) eiZci(Ei) = H^{Z- Z) = h*H^iY; Z) © ®iZci{Ei) . 

To prove the second statement we recall [B, p. 772] that Beauville's quadratic form Bx is the 
unique non-zero integral primitive positive multiple of the quadratic form qx defined by 

Qx{a) = ^ [ {TxTxr~'o.' + a-n) [ r^'r^a ■ [ r^r^'a. 

Now express qx{o() and (?y(a) as integrals over Z of the appropriate forms pulled-back by g and 
h respectively, and use the relation 

g*a = h''pa + Y,niEi, 

i 

valid for some integers n^. Then, as is easily checked, in order to prove (1.6.3) it suffices to show 
that 

{9*rx9*rxr-^ \e, = = {h*TYh*TYT-^ \e. (t) 

for any exceptional divisor Ei. Since E^ is contracted by g and by h, and since the fibers of y|£:. 
are distinct from the fibers of /t|£;., at every point of Ei we have 

dim span of Ker(y|£;.) and Ker((7|E.) > 2 . 

The above span is clearly contained in Ker{g*Tx\Ei) — -^6r(/i*Ty and hence this kernel is at 
least two-dimensional. This implies (f). q.e.d. 

The proposition above allows us to identify the Beauville form of A1^" with that of 5^'^'. 
The latter is described as follows [B, p. 777-778]. There is an inclusion a: H^{S; Z) ^ if2(5'N; Z) 
obtained composing the natural " symmetrization map" (5; Z) ^ H^{S^"-^ ; Z) , where 5^"^ is the 
n-fold symmetric product of S, with the pull-back map e*: H'^{S^"'^) — > if^(S'["l), where e: St"! —>■ 
5^") is the morphism mapping a subscheme to the 0-cycle associated to it. One has 

H^{S^''^;Z) = a{H^{S;Z))®ZT, (1.6.4) 

where T € if^(S't"^] ; Z) is the (unique) class such that 2T is cohomologous to the divisor parametriz- 
ing non-reduced subschemes. 

(1.6.5) Description of ^^[ni . Tiie direct sum (1.6.4) is orthogonal for Bgin] . The restriction of 
Bg[n] to a [H'^{S; Z)) is equal to the intersection form on H^{S; Z), and B^m (T) = — 2(n — 1). 

Let's go back to the proof of Proposition (1.0.4). Since the map Or clearly preserves type, all we 
must show is that the homomorphism of lattices is in fact an isomorphism. Since the Mukai form 
(,) has discriminant one, the discriminant of its restriction to is equal to {vr,Vr) = 2(n — 1). 
In particular Or is injective because n > 1. Since rkti;!- = 23 = rkif^(S'I"^l) = rkif^(A1^") the 
image Or {H*{S; Z)) has finite index, say s, in H'^{Mr"", Z). By Proposition (1.6.1) the map Or is a 
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homomorphism of lattices, and hence the discriminant of Bj^2n is equal to s^(2n — 2). By (1.6.2) 
together with (1.6.5) the discriminant of Bj^2n is equal to 2(n — 1), thus s = 1, i.e. Or is an 
isomorphism. q.e.d. 



Proof of Proposition (1.6.1). Let Ur C Mr be the open subset constructed in Subsections 1.4- 
1.5. By (I.4.2)-(I.4.31)-(I.5.17) the complement of Ur in M.r has codimension two, and hence 
H'^{Mr) = H'^{Ur). Thus Or is determined by the map ejrr:H*{S) H'^(Ur) given by 

where p: S xUr ~^ l^r is projection, and we have denoted by the same symbol classes in H*{S) and 
their pull-back to H*{S x Ur). By (1.4.31) and (1.5.1) there is an isomorphism ip:Ur — Ui, and 
Ui is an open subset of S^"-^ whose complement has codimension two. Thus by Proposition (1.6.2) 
ip induces an isomorphism of the lattices (iI^(A^r; Z), -B^^) and [H'^(S^"'^;Z), Bgin]) . We will 
always tacitly identify these lattices. 

The proof of Proposition (1.6.1) will be by induction on r. By the construction of we 
have two exact sequences: 

^ ^ £"^+1 ^ Q^^, _ , (1.6.6) 
O^OsxUr^ S"^^^ ^J"""® [-2C] ® p*Cr+i . (1.6.7) 

Here l is the inclusion of 5 x (L U Ei) if r = 1, and of 5 x Si if r > 2, while Qr+i is a rank-one 
sheaf. Prom the two exact sequences above one gets 

e^r+i{a) = e^.{a ■ e"^) + {vr,a- e^^)ci{^r+i) - P* [c/i(i,Q^+i)*(l + u)a]s . (1.6.8) 

Since ^r+i = ExtliJ^"^ [-2C],OsxU^), using (I.4.3)-(I.5.2)-(I.5.5) we get Ci(^^+i) = Ci(p!(jr^ ® 
[— 2C]). Applying Grothendieck-Riemann-Roch one gets 

ci(C,+i) = -^^.(e^^) + p. [ci(J^)a;]3 . (1.6.9) 

We need some notation. First we recall that if a € H* (S) then a* is the component of a belonging 
to i?^*(5), and that u G if'^(5; Z) is the fundamental class. For a G H*{S) we set aj := a{a^) G 
H'^{S^'^^). If is integral and ^ C S* is a real surface representing it (i.e. representing its Poincare 
dual), then a\ is represented by the subset of S"'"' parametrizing schemes intersecting A. By abuse 
of notation we will often denote by the same symbol a divisor and its first Chern class. 

Rank one. Since J^^ = Iz 'S> + nC] , we have 

(a) = p, [c/t(/2)*e-^-"^(l + a;)a]3 . 
First we compute ch{Iz)- Let jiZ^SxUi be the inclusion, and let 

r := {{p, [Z]) e S xUi \ p is a non-reduced point of Z} . 

Then 

ch{j^Oz) = [Z] ~ + (higher order), 
ch{Iz) = 1 - ch{j.Oz) = 1-[Z] + ^[T] + (higher order). 
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where the first equaUty follows from Grothendieck-Riemann-Roch. Substituting in the expression 
for Oj^i one gets 

(a) = -p. {[Z\ ■ {a^ - a°(S + nC))] - ^a°p*[r] . 

Since for (3 e H'^{S) we have p* {[2] ■ jS} = /3i, and since p*[T] = 2T, we get 

e^i (a) = -al + a°(Si + nCi - T) . (1.6.10) 

In particular Oj^i is integral, and hence also 6i. Using Proposition (1.6.2) together with (1.6.5) we 
conclude that 

Bm^ {Or^ (a), (a)) = ■ - 2a° (a^ • (S + n(7)) . 

Since {a,vi) = is equivalent to = • (S + nC), the map 6i is a homomorphism of lattices. 
This finishes the proof of Proposition (1.6.1) when the rank is one. 

Rank two. Applying Equation (1.6.9) one gets 

ci(6) = -(n-2)Ci-Ei + r. 

Now let's compute p* [c/i(i*Q2)*(l + u;)q\^. Let 

X Si 5 X ^2, L^:S X S xU2 

be the inclusions, and set Q^^ := Q2I5XS1, := Q2|sxl- Then 

^ 7r*[C] ® p*Ai, ^ 7r*[C] in p*A2 , 

where Ai, A2 are line bundles on U2, and 

Cl := {{P,x)\ X E L and P is the singular point of Q2Ux{a;}} • 

Applying Grothendieck-Riemann-Roch to t^^ , one gets 

cMi?^Q^0 = P*Pi]+7r*[C]-p*pi] (mod jy3(ZY2)), (1-6.11) 
chit^Q'') = p*[L]+7r*[C]-p*[L]-[iin] (mod jy3(ZY2)). (1-6.12) 

We claim that the following linear equivalence among divisors on 5''"' holds: 

L~(n-l)Ci-T. (1.6.13) 

Proof of (1.6.13). Since S^"'^ is simply connected it suffices to prove that the divisors are 
cohomologous, and for this it suffices to verify that they intersect any 2-homology class in the 
same number of points. If /3 is a two-cycle on S, and W C 5 is a set of (n — 1) points disjoint from 
13, let 

:= {[Z] G Z = PUW, where Pep}. 

Then f5w is a two-cycle on S^"'^, and the annihilator of ci{T) is spanned by the (5w Clearly we 
have 

{ci{L),Pw) = (n- l)(ci(C),^) = {n-l){ci{Ci)-ci{T),Pw) ■ 
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Now choose a point P G S and a subset W C S oi {n — 2) points disjoint from S. Let S C S^"-^ be 
the curve given by 

g := {[Zq] e 5^1 Zq = QUPUW where Q G S} , 
where the scheme structure of Zp at P consists of the double point contained in S. Since 
(ci(L), g) = n - 2 , (ci(Ci), g) = 1 , (ci(r), E) = 1 , 

the intersections of the two sides of Equation (1.6.13) with S are equal. Since if2(.S["l) is spanned 
by S and the classes f3w, we conclude that (1.6.13) holds. q.e.d. 

Using (1.6.13) together with Equations (I.6.11)-(I.6.12) one obtains that 

- (^J a°Lo-a^ -0 + a^^ ~ (/ • C" - ■ 

At this point we have all the elements needed to apply Formula (1.6.8). The result is 

0^2 (a) = -al - (y - 2)"°^^ + (n - 2)a^ • E + (n^ - 3n + 3)a^ ■ C - (2n - 3)a'^^ Ci 

- (^J ■ E + (n - l)a^ ■ C - 2a'^^ Ei + (^J a°a; + ■ E + (n - 1)q!^ ■ C - 2a'^^ T . 

In particular 9j^2 is integral. Since {a, V2) = is equivalent to = (2a^ — • E — (n — 2)a^ • C) , 
one gets that 

e^{a) = -a\-{^j {n-l)a^ -C -a^^Ci-{^j - T. + {n - l)a^ ■ C - 2a^^ ^^^(/ 

A tedious but straightforward computation shows that O2 is a homomorphism of lattices. 

Rank at least three. Let Q, C H*{S-^7i) be the Z-span of {1,C, E,a;}. Since the restriction of 
the Mukai form to 17 is unimodular, H*{S; Z) is the orthogonal direct sum of Cl and of Q,^. Notice 
that O-*- C f^, and thus 

= (i;,-f n n) (B± . (1.6.14) 

Let r > 1. By Formula (1.6.8) the restrictions of 9jrr+i and Oj^r- to ^l-^ are equal, and hence by 
induction we have 

e.|nx=0i|nx (L6.15) 

for all r > 1. In order to examine the restriction of 9r to v;^ PI Cl, it is convenient to introduce the 
class Pr := Vr — 2{n — 1)C; notice that /^^ G H fi. A computation gives 

{(3r,Pr) = -2{n-l). (1.6.16) 

Let A^ := {vj.,Pr}^ ^ ^- As is easily checked we have an orthogonal direct sum decomposition 

nn = zpr®±K- (1.6.17) 
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A computation gives 

:= {x + yC + zuj\ {r - l)x + y - rz = . (1.6.18) 

(1.6.19) Lemma. Keep notation as above. If r > 3 then 

err{x + yC + zu)=x (Ci - (r - 2)5]i) - yEi + ^(rSi - Ci), e^.(^,) = T . 

We will prove the lemma at the end of the section. First we finish the proof of Proposition (1.6.1) 
assuming the lemma. By Equality (1.6.17) and Lemma (1.6.19) the restriction of 9^ to {^Q. is 
integral. By (1.6.15) the restriction of Or to O-*- is also integral. By (1.6.14) we conclude that 9r is 
integral. Now let's prove that Or is a homomorphism of lattices. Since 9\ is a lattice homomorphism, 
and since 6i{Vl^) is the orthogonal complement of {(7i,Si,T}, it follows that ^r|n-L is a lattice 
homomorphism (use (1.6.15)) and that Or{^^) is perpendicular to {Ci, Si, T}. By Lemma (1.6.19) 
the image Or{v^r\^) is contained in the Z-span of {Ci, Si, T}, hence it is perpendicular to 6*^.(0"'-). 
It remains to verify that the restriction of Or to w^i" fl f2 is a lattice homomorphism. If we restrict 
Or to Z/3r wc get a lattice homomorphism by Formula (1.6.16). Lemma (1.6.19) shows that Or{Pr) 
is perpendicular to Or{Ar). Hence from (L6.17) we see that we are reduced to proving that the 
restriction of Or to A^ is a lattice homomorphism. This consists of a straightfroward computation 
(use (L6.18)). 

Proof of Lemma (1.6.19). It follows from Exact sequences (I.6.6)-(I.6.7) that for r > 2 one 
has 

[ci(J?^''+^)cj]g = /9* [ci{T'')uj]^ + rc-i_{^r+i) - Si . 
Equation (1.6.8) gives the following formulae, for r > 2: 

e^r+i (1) = 6^r (e^^) + (r + l)ci(C.+i) + Si , 
^^.+,(C) = ^^.(C) + ci(^,+i), 

e^.+i(S) = ^^.(S + 2cu) - (r2 + r + 2 - n)ci{^r+i) -^i, 
Oj..+i{uj) = ej^.{uj) - rci{^r+i) + Si . 

Using (I.6.6)-(I.6.7) and (1.6.13) one gets 

[ci{T^)u;]^ = -{2n-3)Ci-2'£i + 2T. 

Formula (1.6.9) together with the equality above and the computations for rank two give 

ci(6) = (n-l)Ci-r. 

Plugging this value in Formulae (1.6.20), and using the computations for rank two, one obtains 
Lemma (1.6.19) for r = 3. In order to prove Lemma (1.6.19) for r > 4 we add to the lemma the 
following statement. 

(1.6.21). Keep notation as above. Ifr > 4 then 

P* [ci{J^-^)u;]^ = -ri:i + Ci, 
ci(e.) = 0. 

The proof of Lemma (1.6.19) for r > 4 is by induction. First one verifies that (1.6.21) and 
Lemma (1.6.19) hold for r = 4 by a computation, and then the inductive step is an easy consequence 
of Formulae (1.6.20). 

II. Proof of the main theorem. 

We will need the following technical result; its proof is deferred to the Section IV. 
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(II. 1) Proposition. Let S be a K3 surface, and v G H*{S; Z) be a Mukai vector. Suppose that 
and the order of divisibiUty ofv^ are coprime. 

1. If an ample divisor on S is 1 7; | -generic then it is also v-stabilizing. 

2. Let H be a v-stabilizing ample divisor on S (for example this is the case if H is \v\-generic, by 
Item (1)). Let L be a \v\-generic ample divisor on S, and let C be the unique open \v\-chamber 
containing L. If H E C then H -slope-stability is the same as L-slope-stability, and hence 
M,{H) = M,{L). 

By the above proposition we can assume, in proving the Main Theorem, that H is f-generic. 
We will prove Theorem (2) by first deforming S to an elliptic surface, and then invoking Theo- 
rem (1.0.4). Let be the moduli space of polarized K3 surfaces of degree 2d, i.e. couples (5, H), 
where ^ is a K?, and H \s a primitive ample divisor on S with = 2d. Let \S, H] G K2d, and 
assume v G H*{S; Z) is a Mukai vector such that 

v^ = ±ci{H). (IL2) 

Given any [Sx,Hx] G /C2d the Mukai vector v makes sense in H* {Sx;'Zi), because of (n.2), and 
hence we can consider the moduli space M.v{Sx, H^). Let 

K^2d{v) ■= {[Sx,Hx] G /C2d| Hx is t;-generic} . 

This is an open subset of )C2d', in fact its complement is the union of a finite set of components of 
the Noether-Lefschetz locus. 

(11. 3) Proposition. Keep notation as above, and assume that (IL2) is satisfied. Suppose there 
exists [T,L] G K,2d{v) such that Theorem (2) holds for the moduli space Mv{T,L). Given any 
other [S, H] G K,2d{v) Theorem (2) holds for the moduli space Mv{S, H). 

Proof. Let 'H2d{v) be the parameter space (open subset of a Hilbert scheme) for K3 surfaces 
[S,H] G }C2d embedded in projective space by a high multiple of H. Let S2d 'H2d{v) be 
the tautological family of (embedded) surfaces. By [Ma] there exists a relative moduli space 
tt: Mvi^d) —f 'H2d{v)'- the fiber of tt over a surface Sx embedded by a multiple of Hx is isomorphic 
to Mv{Sx, Hx). By [Ml, Th. (1.17)] vr is a submersion at every point (here we use the fact 
that on lC2d{v) semistability implies stability). Since 'H2d{v) is irreducible (by irreducibilty of 
^2d{v)) and vr is proper [Ma], the map vr is surjective. Hence, by irreducibilty of 7i2d{v), the 
moduli space M.v{S,H) is a deformation of M.v{T,L), and therefore Item (1) of Theorem (2) 
holds for M.v{S, H). To prove Item (2) notice that one can construct a relative quasi-tautological 
family of sheaves on S2d >^n2d(v) ■Mvi'^d) (sec the proof of [M2, Th. (A. 5)]). Hence the map 
Oy-.v^ n H*{Sx) H^{Mv{Sx, Hx)) is a locally constant function of x G 'H2d{v). Since H2d{v) is 
irreducible we conclude that Item (2) of Theorem (2) holds for Ai^{S, H). q.e.d. 

First we prove Theorem (2) under particularly favourable hypotheses. 

(11. 4) Proposition. Let hypotheses be as in the statement of Theorem (2). In addition suppose 

that = ci{H), where H is a (primitive) ample divisor on S, and that 

H^>2\v\, H^>4. (n.5) 
TJien Theorem (2) holds for the moduli space M.v{S, H). 

Proof. Let T be an elliptic with Pic{S) = Z[S] © Z[C], where S is a section of the elliptic 
fibration, and C is an elliptic fiber. Let d := H'^/2, and set L := (S + {d+l)C). By (II. 5) we have 
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d> 2, hence L is an ample divisor on T. Since L is primitive, and since L"^ = 2d = H^, both [S, H] 
and [T, L] belong to the same moduli space JC2d- By (II. 5) together with Lemma (1.0.3) the polar- 
ization L is |u|-suitable, in particular |f|-generic. The polarization H is |u|-generic by hypotheses, 
hence [T, L], [S, H] G }C2d{v)- Since L is |w|-suitable, and since (= ci(L)) is a numerical section, 
Theorem (1.0.4) tells us that the Main Theorem holds for My{T,L). By Proposition (II. 3) we 
conclude that the Main Theorem holds also for M-v{S, H). q.e.d. 

Next we concentrate on the case when p[S) (the rank of Pic{S)) is at least two, with no 
further hypotheses. 

(11. 6) Lemma. Let S be a a projective K3 surface with p{S) > 2. Let v G H*{S; Z) be a Mukai 
vector with primitive, and C be an open v-chamber. There exists a Mukai vector w equivalent 
to V such that = ci{H), where H is a primitive ample divisor belonging to C. We can choose 
w so that is arbitrarily large. 

Proof. Let's show that there exists an ample divisor H e C such that 

a. H is primitive, and 

b. ci{H)=v^ (modv^H^^). 

There exists a Z-basis of H^^{S) consisting of elements of C; we identify H^^{S) with via such 
a basis. There exist positive integers m, ai (for i = 1, . . . , p), with gcd{ai, . . . , Op} = 1, such that 

= (mai, . . . ,m,ap) (mod v^H^^) . 
Since is primitive, we have gcd{m,v^} = 1. Let H be the divisor (class) such that 

ci{H) = (mai + v^ni, . . . ,map_i + v^np-i,m,ap) , 

where, for alH = 1, ...,/?— 1, 

• rii > 0, 

• gcd{m.,ni} = 1, and 

• if p is a prime dividing Op but not m, then p divides each n^. 

Since all the coordinates of ci{H) are strictly positive, H belongs to C, in particular it is ample. 
By construction H satisfies Items (a) and (b). If the are arbitrarily large then is arbitrarily 
large. Now let ^ be the line bundle on S such that 

ci {H) + w°ci (^) , i.e. ci (^) = (ni , . . . , np_i , 0) . 

If w := ch{^)v then v?- = ci{H), hence w satisfies the conclusions of the lemma. q.e.d. 

(11. 7) Proposition. Let hypotheses be as in the statement of Theorem (2). In addition suppose 
that p{S) > 2. Then Theorem (2) holds for Mv{H). 

Proof. Let C be an open |t)|-chamber such that H e C. By Lemma (II.6) there exists a Mukai 
vector w equivalent to v such that = Ci(L), where L is a primitive ample divisor such that 
L eC and 

L'^>2\v\, L^>4. 

Since w is equivalent to v we have Myj{L) = M.v{L), and by Proposition (II. 1) Mv{L) = Mv{H). 
Hence it it is equivalent to prove that Theorem (2) holds for M.w{L). By the above inequality we 
can apply Proposition (II.4), hence the Main Theorem does indeed hold for M.w{L). q.e.d. 
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We are left with proving that the Main Theorem holds when p{S) = 1. Assume S is such a 
surface. Let H be the ample generator of Pic{S), and set d := H'^/2. Since is primitive we 
have = ±ci(if), hence we can apply Proposition (II. 3). By surjectivity of the period map for 
polarized K3 surfaces there exists [T,L] G }C2d{v) with p{T) > 2. By Proposition (II. 7) the Main 
Theorem holds A4„(T, L), and thus Proposition (II.3) shows that Theorem (2) holds for M.v{S, H). 
This finishes the proof of the Main Theorem. 

III. Higher-rank Donaldson polynomials. 

Let {S,H) be a polarized K3 surface, and v G H*(S;Zi) be a Mukai vector; we assume that H 
is f-stabilizing. If the rank (i. e. v^) is two then one can associate to My a certain Donaldson 
polynomial function on H2{S). The (algebro-geometric) definition extends to any rank as follows. 
Let J^he a quasi-tautological family of sheaves on x M.^, and let p:Sx My My be projection. 
We define pr'-H^iS) H'^{My) by setting 

^ -ch2[J^) + —-:r^-^-=rChl{r)] ■ a . 



2v{oi) := / Hv{(^y 
Jm,, 



^^^"^y-P* > aiJ^r^^'- ' ' 2a(^)2.rk(^)~ 

If Q is another quasi-tautological family of sheaves, then there exist vector bundles ^, r] on Mz 
such that iS> p*C — Q ^ P^f] [M2, Th. (A. 5)]; it follows that /ijF = /ig, and hence we can set 

/i^, := pj: where F is any quasi-tautological family. 

Now let g„: H2{S; Q) ^ Q be the polynomial given by 

where d{v) := 2 + {v,v) is the (complex) dimension of Aiy. If t;*^ = 2 then equals the corre- 
sponding Donaldson polynomial by a theorem of Morgan [Mo]. Donaldson's polynomials of K3 
surfaces have been computed long ago; we will show that the formula for rank two holds also in 
higher rank. 

(III.l) Proposition. Keeping notation as above, assume that is primitive. Set d{v) = 2n, and 
let Q: H2{S; Q) ^ Q be the intersection form. Then 

n!2"^ ■ 

The above result is a straightforward corollary of our Main Theorem (2) if diniTW^ > 2, and of 
results of Mukai if dim A^^ < 2, together with a theorem of Fujiki [Fu, Th. (4.7)]. We will provide 
a simple proof of Fujiki's result avoiding hyperkahler structures. 

Theorem (Fujiki [Fu, Th. (4.7)]). Let X he an irreducible Kahler symplectic compact manifold 
of (complex) dimension 2n. There exists Xx & Q (caii it the Fujiki constant of X) such that 



'X 

for all fl € H'^{X), where Bx- H^{X) —>■ C is the quadratic form associated to X by Beauville [B, 
Th. (5)]. Fujiki's constant is independent of the birational (symplectic) model of X. 

Proof. Let px- H^{X) — > C be the degree-2n polynomial defined by the left-hand side of (III. 2). 
Consider the versal deformation space f:X^DofX, and for s G D let Xg := f~^{s). Let 

Us'. H^(Xs) ^ H'^(X) be the isomorphism given by the Gauss-Manin connection. Then 

Px{usP) =PxA0)- (*) 



p^^ = Xx-Bx(pr (ni.2) 
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If e then pxX'^s) = by type consideration, and thus by (*) we have 

Px{Us'fs) =0. 

By Beauville [B, Th. (5)] the collection 

fills out an open (in the analytic topology) subset of the smooth quadric where Bx vanishes. Hence 
we deduce that px = Bx ■ v'x ^^"^ some degree-2(n — 1) polynomial p^. Now consider 

■pxius'-Ps-, ■ ■ ■ , Us^s,Us'W^) = n~'^Bx{us^s,Us^p;) -p'xius^s) ■ 

' V ' 

2n-l 

Since the left-hand side vanishes by type consideration (unless n = 1, in which case we are done), 

and since Bx{us(p.s,Us'(p^) > by [B, Th. 5], we conclude that p'-^{us<ps) = for all (fg, and hence 
Bx\p'x- Thus Px = BxPx for some degree-2(n — 2) polynomial p'x- Evaluating 

Px{UsiPs, . . . ,Us(ps,Us'(p;,... ,Us'(p7) i < (n - 1) , 

2n—i i 

and arguing similarly we conclude that px = XxBx for some constant \x- That \x G Q 
follows from integrality of Bx [B] and of px- Finally let's show that if /: X • • • > y is birational 
then Ax = Ay. Since f,f~^ are isomorphisms in codimension one they induce an isomorphism 
p:H^{X) ^ H^{Y), and one has Bx{f3) = Byifp) for all (3 G H^{X). We claim that if 
^x e H^'^{X) then 

XxBx{'Px+¥5^r = I (<^x +^)'" = / {f^^x + Z"^)'" = XyByU^^x + /»^)" • 

Jx JY 

In fact let X D [/ = F C y be the open subsets identified by /. By Hartog's Theorem ipx\U = 
ifx\y extends to a holomorphic two-form on all of y, which necessarily represents f^(px- Since the 
integrals appearing above can be computed by integrating over U and V respectively, we conclude 
that they arc equal. Since Bxi^x +'^Px) 7^ when ipx 7^ we conclude that Xx = Ay. q.e.d. 

(III. 3) Claim. Let notation and hypotheses he as in Proposition (111.1). The Fujiki constant of 
Mv is equal to (2n!)!/n!2". 

Proof. If dim = 2 then by a theorem of Mukai [M2] the moduli space is a K3 surface, and 
hence the claim holds. If dimA^^, > 2 then by Theorem (2) the moduli space is deformation 
equivalent to a symplectic birational model of T^"\ call it X, where T is another projective K3, 
and 2n = d{v). In fact the proof of Theorem (2) shows that Aiy can be deformed to X through 
symplectic projective varieties. The Fujiki constant is clearly invariant under deformations through 
symplectic Kahler varieties, hence A^^ = Ax- By Fujiki's Theorem Ax = Ay[„]. A simple 
calculation shows that 

_ (2n)! 

This finishes the proof of the claim. q.e.d. 

Proof of Proposition (III.l). Assume first that dimA^„ > 2. Let L^-.H'^iS) H*{S) be the 
map defined by 



Ly (a) := a + ( —;t [ Aa] uj . 

Js J ' 
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where u G H^{S; Z) is the fundamental class. The image of Ly is contained in hence it makes 
sense to compose and 9y. A straightforward computation gives 

If Q is the intersection form, then t* (a, a) = Q{a). Since 9y is an isometry between (y-^, (, )) and 
[H'^{Mv),Bm^) (by the Main Theorem) we conclude that 

BMAl^v{a)) = Q{a) . 

The proposition follows at once from this equality together with Fujiki's Theorem and Claim (III. 3). 
Now assume that dim My = 2: the same argument as above applies thanks to Mukai's description 
of (^H'^{My),BM^) as v-^/Cv [M2]. Finally when dim At^ = 0, the proposition is equivalent to the 
statement that Aiy consists of a single reduced point. We proved in Section I that moduli spaces 
on an elliptic surface, with a numerical section, are non-empty. This implies that the moduli 
space is a reduced point by [M2, Cor. (3.6)]. 

IV. Appendix. 

In this section we will prove Propositions (II.1)-(I.1.6). We let 5 be a projective smooth irreducible 
surface. For a torsion-free sheaf F on 5 we set 

■.= c,{F)-'-^c,{F)\ 

where rp is the rank of F. We will be exclusively interested in slope- (semi)stability, and hence we 
will sistcmatically omit the prefix "slope". 

Lemma. Let H be a polarization of S. Let F be a strictly H-semistable torsion-free sheaf on S, 
and let 

0^ F ^ B ^0 
be destabilizing, i. e. [rFCi{A) — rACi{F)] • = 0. TJien 

3 

'Y^^ - ['^^ci(^) - rACi{F)f < . (IV.l) 

Furthermore the right inequality is an equality only if [rFCi{A) — rACi{F)] = 0. 

Proof. Replacing A by Tr~^{Tor{B)), where Tor{B) is the torsion subsheaf of B, we can assume 
B is torsion-free. First suppose Ci(F) = 0. Since A is slope destabilizing Ci{A) • i? = 0, and hence 
by Hodge index ci{AY < 0, with equality only if Ci{A) = 0. We are left with proving the other 
inequality. Since c-\_{B) = —ci{A) we have 

C2{F) = C2iA)+C2iB)-C,iAf. 

Both A and B are semistable, and thus by Bogomolov' inequality 

C2{A) > '-^cM? C2{B) > '-^cM? ■ 

Substituting into the previous equality one gets the left inequality in (IV.l). If ci(F) ^ 0, we 
formally set Fq := F ® {detF)'^^'^'' . Then Ci{Fq) = 0, and applying the previous argument to Fq 
one gets (IV.l). q.e.d. 
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Proof of Item (1) of Proposition (II. 1). If 5 is a K3, then 



and hence, using the notation of the previous lemma, we have 

-\v{F)\ < [rFCi{A)-rACi{F)f < 0. 

By the hypothesis on the divisibihty of ci(F) we see that [rFCi{A) — rACi{F)] ^ 0, and thus 
[rpCiiA) - VACiiF)]-^ r]A{S) is a v(F)-wall. Since [rpCiiA) - rACi{F)] H = 0, H belongs to this 
wall. 

(IV.2) Remark. In fact we have proved something slightly stronger, namely that if F is an 
iJ-semistable torsion-free sheaf on S with v{F) = v, then F is if-stable. 

Proof of Item (2) Proposition (II.l). Item (2) follows at once from the following. 

(IV.3) Lemma. Let S be a K3 surface, and let Hq, Hi be ample divisors on S. Assume F is a 
torsion-free sheaf on S such that the the order of divisibility of Ci{F) is coprime to rk(F). If F is 
HQ-slope-stable and Hi-slope-unstable, then there exists a \v{F)\-wall such that $, ■ Hq, ^ • Hi 
are of opposite signes (and non-zero ). 

Proof. Since < |w(i^)| we can replace F by F**, and assume that F is locally-free. One 

can extend in the obvious way the notion of (semi) stability to arbitrary elements of A{S). Letting 
A := R+ci(iIo) © R+ci(-H'i), we set 

■={H G A| F is if-stable} 
A" ■={H G A| F is F-unstable}. 

Let H € A", and let E be an i/-descmistabilizing subsheaf of F; then, by continuity, E is H'- 
desemistabilizing for all H' near H, and hence A" is an open subset of A. Let's show that also A* 
is open in A. Set Ht := (1 — t)HQ -\- tHi for t G [0, 1]. Since A* is a (positive) cone it suffices to 
show that the set of t such that Hf G A* is open. Assume Hj e A^. Let / C [0, 1] be the subset of 
points t such that 

[rFCi{E)-rECiiF)]-Ht = 

for some i^i-destabilizing subsheaf E C F with torsion- free quotient. The set of ifi-destabilizing 
subsheaves of F with torsion-free quotient is a bounded set (Grothendieck), and hence J is a finite 
set. Define to by setting to '■= min F Since A^ is a convex cone, we have t >t for all t £ I, and hence 
to > t. We claim that F is iJj-stable for all t < tp. In fact let F C F be a subsheaf with torsion- free 
quotient. If E is not ifi-destabilizing then, since F is i^Q-stable, E is not i/j-destabilizing for all 
t < 1, in particular for t < to. If -B is i?i-desemistabilizing then, since 

VEit) := [rFCiiE)-rECiiF)]-Ht 

is a linear function of t, and since v'_b(1) > 0, (Pe{0) < 0, it will be negative for all t < ts, where 
tE G [0, 1] is the unique solution of ipE^t) = 0. Clearly t^; is a rational number and hence t^; G /. 
Thus to < tE, and we conclude that E is not desemistabilizing for all t < to. This finishes the 
proof that A* is open. Now we can prove Lemma (IV.3). The nonempty subsets A*, A" c A are 
open and disjoint; since A is connected there must exist H e A not belonging to either of these 
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subsets, i. e. F is strictly i^-semistablc. Replacing H by an appropriate multiple of itself, we can 
assume H is an integral class. By Item (1) of Proposition (II. 1) we conclude that H belongs to a 
|t'(F)|-wall; this wall separates Hq from Hi. 

Proof of Proposition (1.1.6). By definition a |w|-suitable polarization is also |t;|-generic, and 
hence Item (1) follows from Proposition (II. 1). In proving Items (2)-(3) we can assume F is locally- 
free: in fact if it is singular replace it by F** , and observe that stability for F and F** is the same, 
and that |t;(F**)| < |u(F)|. We will prove Item (2) by contradiction. Assume that the restriction 
F\c^ to the generic elliptic fiber Ct is not stable. Since {v^{F),C) and v^{F) are coprime the 
restriction F\c^ is unstable. Thus there exists a proper subsheaf Ad F whose restriction to Ct is 
a desemistabilizing subsheaf, for the generic elliptic fiber Cf Hence [rFCi{A) — r^Ci(F)] • C > 0. 
If N is sufficiently large then [rFCi{A) - rACi(F)] • {NC + H) > 0, and hence F is {NC + H)- 
unstable. Since H is ^-stabilizing, F is if-stable, and hence by Lemma (IV. 3) the polarizations 
H and {NC + H) are separated by a |w|-wall, contradicting the hypothesis that H is |w|-suitable. 
Thus F\cf is stable for the generic elliptic fiber Ct- Now let's prove Item (3). First let's show that 
F is {NC + if)-stable, for N sufficiently large. In fact let D G \H\ be a smooth curve (if no such 
D exists we replace by a high multiple of itself), and set 

d := max {rpdeg^E - rsdeg^F} , 

0#EC-F 

where deg^E = ci(£'|£)), deg^F = ci(F|£)). Let Ci, . . . , Cjv € \C\ be generic elliptic fibers, and 
A c F he a subsheaf with < r ^ < rp- Then 

N 

[rFCi{A) - r^ci(F)] • {NC + H) = r^deg^A - r^deg^F + J^^r^degc,^ - r^degc^.i^ • 

i=l 

By stability of F|c. the right-hand side is bounded above by {d — N), which is negative because 
^ 0. Since A G F is arbitrary we conclude that F is {NC + i?)-stable. Proceeding as in the 
proof of Item (2) we conclude that F is also iJ-stable. This finishes the proof of Proposition (1.1.6). 
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